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The snail ball from “Grand Illusions” - $50



“A small metallic gold ball just over 2cm in diameter ... the ball does roll, but does so 
incredibly slowly. To an audience it seems baffling ... inside the ball, which is actually 
hollow, there is a viscous liquid and a smaller ball which is heavy... it is the smaller heavier 
ball which determines the pace and this is slow because of the viscous liquid.”



The Snail Cylinder from UBC - $10,000
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This work was supported by the National Science Foundation under the Collaborations
in Mathematical Geosciences initiative (grant number ATM0222109 and ATM0222104).
J. B. gratefully acknowledges the support of a National Science Foundation Career Grant
(CTS-0130465). We thank Keith Bradley of the Coastal Research Laboratory, Woods
Hole Oceanographic Institution, for assistance in building the snail cylinder.

Appendix A. Derivation of the equations of motion

A.1. Geometry

The geometry is shown in Figure 1. We use a Cartesian coordinate system attached to
a plane which is inclined at an angle ! to the horizontal; the unit vector ı̂ points down
the slope and the unit normal k̂ is perpendicular to the plane. The unit vector !̂ is
into the page in Figure 1, and clockwise rotations are positive. The position vector is
X = X ı̂ + Zk̂ and the gravitational acceleration is !g, where

g = !g
!

sin ! ı̂ ! cos! k̂
"

. (A 1)

In this (X, Z)-coordinate system, the two cylinders have centres at the positions, X a =
Xaı̂ + Zak̂ and Xb = Xbı̂ + Zbk̂, respectively. The requirement that the outer cylinder
rolls without slipping down the plane dictates that

Ẋb = b!b , Zb = b . (A 2)

Geometry implies that the center of the inner cylinder is given by

Xa = Xb + ", " " "
!

sin# ı̂ + cos# k̂
"

. (A 3)

Thus the distance between the centers A and B is denoted by "(t), and #(t) is the angle
between the line of centers and the Z-axis. We denote the angle between the line of
centers and the direction of gravity by $(t) " ! + #(t).

The center of mass of the fluid is

X f " mf
!1

#

%X dAf , (A 4)

where the integral is over Af(t), the moving domain of the fluid. Geometric considerations
show that

mfX f = mfXb ! m""

a " . (A 5)

With the relations above, one finds that the center of mass of the whole apparatus,
MXc = maXa + mbXb + mfX f , is at

MXc = MXb + m"

a" . (A 6)

The relations above express Xa, X f and Xc in terms of our main independent variables
Xb and ".

A.2. Motion of the cylinders

In our inertial, (X, Z)-frame, the equations of motion of the two cylinders are

maẌa = F a ! mag , (A 7)

and

mbẌb = F b ! mbg + E . (A 8)

The state of the snail cylinder is specified by
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arrangement. In total, the apparatus has mass,

M ! ma + mb + mf . (2.1)

The reduced mass of the inner cylinder is m!

a ! ma " m!!

a , where m!!

a ! !a2L" is the
displaced mass of fluid.

The mathematical formulation of the model consists of equations of motion for the
positions and rotations of the cylinders, plus the Navier-Stokes equations for the fluid;
Appendix A summarizes the full formulation of the problem. We do not attack this
formulation in all its glory, but introduce the Stokes approximation to simply the fluid
part of the dynamics. However, because the arrangement as a whole is in motion down the
incline, some subtlety is required because one can impose the approximation in di!erent
frames of reference (for example, one can use the inertial, laboratory frame, or frames
based on the centres of each cylinder). The overall fluid accelerations vary from frame to
frame, and so the accuracy of the Stokes approximation likely hinges on which frame to
select. We opt for the following: by introducing the Stokes approximation in the frame
of reference of the centre of mass of the fluid, the acceleration of the fluid as a whole
is incorporated into the dynamics and the residual accelerations about this mean may
plausibly have their smallest e!ect. The details of this choice, and the ramifications on
the dynamics are described in the Appendix; below we summarize the main equations of
the motion that result, and then make the small-gap approximation of lubrication theory
to give a compact description of the fluid forces and torques that enter those equations.
This approximation, namely b " a = # # 1, also allows us to simplify the equations of
motion of the cylinders to arrive at a reduced model that we use to explore the dynamics.

2.1. The equations of motion

The configuration of the apparatus is specified by four independent variables, $(t), %(t),
"a(t) and "b(t). The dynamical considerations of Appendix A indicate that the position
of the inner cylinder is determined by the equations of motion,

!

ma +
m!!

a

2

mf

"

($%̈ + 2$̇%̇) = f! + m!

ag sin & " m!

ab"̇b cos% , (2.2)

!

ma +
m!!

a

2

mf

"

($̈ " $%̇2) = f" " m!

ag cos& " m!

ab"̇b sin % , (2.3)

where f! and f" represent the fluid forces in the direction of the line of centres and
perpendicular to that direction, respectively. The second terms on the right of (2.2) and
(2.3) denote the Archimedean buoyancy force on the inner cylinder, and the final terms
are d’Alembert forces arising because the position of the center of the outer cylinder, to
which the coordinates $ and % are referred, does not lie in an inertial frame. The rotation
of the inner cylinder follows from

1

2
maa

2"̇a = Ta , (2.4)

where Ta is the fluid torque.
Assuming that the outer cylinder rolls without sliding down the inclined plane, the

equation of motion of the outer cylinder can be similarly broken down. Importantly,
those equations contain the forces at the contact point with the plane, which one can
eliminate from the problem algebraically given that the rotation rate, "b, also dictates
the distance rolled. This leaves a single equation for "b(t), as described in Appendix A.
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Alternatively, the total angular momentum balance,

d

dt

!

1

2
maa

2!a + (M + mb)b
2!b +

"

ma +
m!!

a

2

mf

#

!2"̇ + m!

ab
d

dt
(! sin ")

$

+m!

ab!̇b! cos" ! Mgb sin# + m!

ag! sin$ , (2.5)

where $ = #+", which provides an equivalent equation. Though (2.2)-(2.4) are exact, this
final relation (2.5) contains our first approximation by neglecting the intrinsic angular
momentum of the fluid in the frame of its centre of mass.

As the Stokes approximation describes the flow in the annular gap, the fluid remains in
a state of instantaneous force balance. The forces, f! and f", and torque, Ta, can then be
computed as functions of the instantaneous geometrical arrangement (i.e. ! and ") and
velocities of the cylinder surfaces (given by !a, !b, !̇ and "̇). We do this via lubrication
theory, as outlined in Appendix B, because our snail cylinders have relatively narrow
gaps, although more general results exist (Finn & Cox 2002).

2.2. Lubrication approximation and a reduced model

In lubrication approximation (% " (b # a) $ a), the fluid forces and torques, f", f! and
Ta, take the form (see Appendix B),

f! = #
12&am!!

a

%2

'̇

(1 # '2)3/2
, (2.6)

f" =
12&am!!

a

%2

'(!a + !b # 2"̇)

(2 + '2)
%

1 # '2
(2.7)

and

Ta =
12&am!!

a

%

(1 # '2)(!b # "̇) # (1 + 2'2)(!a # "̇)

3(2 + '2)
%

1 # '2
, (2.8)

where

'(t) "
!(t)

%
. (2.9)

The equations of motion in (2.2), (2.3), (2.4) and (2.5), and the hydrodynamic quan-
tities defined in (2.6) through (2.8), comprise a sixth-order dynamical system. However,
some further simplifications are a"orded by virtue of % $ a. Moreover, unless the slope
is small, the cylinder accelerates uncontrollably downhill. Hence, we focus on the distin-
guished limit in which also sin# & %/a. In this limit, the equations are systematically
simplified by first non-dimensionalizing using the time scale,

( " 12
m!!

a &a

m!
a%2g

. (2.10)

We next introduce non-dimensional variables

(!̂a, !̂b) " ((!a, !b) , (2.11)

and a non-dimensional time t̂ " t/( . It is also convenient to work with $ = " + #. Then,
on suppressing the hats and to leading order in %/a,

'̇

(1 # '2)3/2
= # cos$ ,

'(!a + !b # 2$̇)

(2 + '2)(1 # '2)1/2
= # sin $ ,

The equations of motion

The lubrication approximation in the gap expresses the hydrodynamic 
forces and torques in terms of the four independent variables. 
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"
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Thus the distance between the centers A and B is denoted by "(t), and #(t) is the angle

between the line of centers and the Z-axis. We denote the angle between the line of

centers and the direction of gravity by $(t) " ! + #(t).

The center of mass of the fluid is
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#
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where the integral is over Af(t), the moving domain of the fluid. Geometric considerations

show that
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With the relations above, one finds that the center of mass of the whole apparatus,

MXc = maXa + mbXb + mfX f , is at

MXc = MXb + m"
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The relations above express Xa, X f and Xc in terms of our main independent variables

Xb and ".

A.2. Motion of the cylinders

In our inertial, (X, Z)-frame, the equations of motion of the two cylinders are

maẌa = F a ! mag , (A 7)

and

mbẌb = F b ! mbg + E . (A 8)

Recall:
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A.5. Motion of the inner center relative to the outer center: the ! equation

We rewrite the equation of motion of the inner cylinder, (A 7), in terms of !, f and !b,
and use (A 23) to replace F a by f . With (A 3) and (A5) we then arrive at

!

ma +
m!!

a

2

mf

"

!̈ = f ! m!

ag ! m!

ab!̇bı̂ . (A 28)

It is convenient to represent the hydrodynamic force as

f = f!!̂ + f""̂ . (A 29)

f! and f" denote the components of the hydrodynamic force on the inner cylinder. The
unit vector !̂ = !/|!| is directed from B to A (increasing !); "̂ = #̂ " !̂ is perpendicular
to !̂ and orientated in the direction of increasing ". If we now resolve the equation of
motion of the inner cylinder (A 28) in terms of these polar variables centered on B. The
results are the two equations of motion (2.2)-(2.3) quoted in section 2.

With (A 9), (2.2) and (2.3) we have three equations involving [", !, !a, !b]. To obtain a
fourth equation relating these variables we turn to the total angular momentum equation
(A 18). We make our first approximation by neglecting the intrinsic angular momentum
of the fluid,

#

U " X dAf , and we evaluate all the remaining angular momenta and
torques in terms of [", !, !a, !b]. This gives equation (2.5) of section 2.

Appendix B. Lubrication analysis

For lubrication theory, it is convenient to move into a coordinate system in which the
centres of the cylinders are not moving, and position a polar coordinate system, (r, #),
at the inner cylinder (i.e., on point A in figure 1). The angle # is measured positive in
the counterclockwise direction with # = 0 running along the line of centers, BAO, and
passing through the narrowest point of the gap. Then the gap width h(#) is approximately

h(#) = $ ! ! cos # , (B 1)

where $ # b! a $ a. We then use a ‘gap coordinate’, 0 ! z ! h(#), defined by r # a + z
so that (z, #) = (0, 0) is the point O in Figure 1.

To leading order in $/a, the lubrication equations take the form

%&uzz = a"1p#, pz = 0,
1

a
u# + wz = 0 . (B 2)

These must be solved subject to the velocity boundary conditions on the cylinders.
In our new frame of reference, the fluid flow is dictated by the motions of the two

cylinders. These motions can be divided into the rotations, !̃a = !a! '̇ and !̃b = !b! '̇,
and a “squeeze flow” in which the cylinder move towards each other with a speed !̇,
squeezing out the fluid from the narrowest part of the gap. To ease the construction of
the fluid forces and torques, we split the lubrication problem into these two parts and
construct the full solution via linear superposition.
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A.5. Motion of the inner center relative to the outer center: the ! equation

We rewrite the equation of motion of the inner cylinder, (A 7), in terms of !, f and !b,
and use (A 23) to replace F a by f . With (A 3) and (A5) we then arrive at
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It is convenient to represent the hydrodynamic force as

f = f!!̂ + f""̂ . (A 29)

f! and f" denote the components of the hydrodynamic force on the inner cylinder. The
unit vector !̂ = !/|!| is directed from B to A (increasing !); "̂ = #̂ " !̂ is perpendicular
to !̂ and orientated in the direction of increasing ". If we now resolve the equation of
motion of the inner cylinder (A 28) in terms of these polar variables centered on B. The
results are the two equations of motion (2.2)-(2.3) quoted in section 2.

With (A 9), (2.2) and (2.3) we have three equations involving [", !, !a, !b]. To obtain a
fourth equation relating these variables we turn to the total angular momentum equation
(A 18). We make our first approximation by neglecting the intrinsic angular momentum
of the fluid,
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U " X dAf , and we evaluate all the remaining angular momenta and
torques in terms of [", !, !a, !b]. This gives equation (2.5) of section 2.
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The squeeze part:
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An integral of the continuity equation in z then provides the condition,

q =

! h

0

uR(z, !) dz =
ah

2
(!̃b + !̃a) !

h3pR
!

12a"#
, (B 5)

where q is only a function of time. Moreover, since
"

pR
! d! = 0,

q = a$(!̃b + !̃a)
1 ! %2

2 + %2
, (B 6)

with % " &/$. The result (B 6) is obtained using the integrals:
#
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and
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(1 ! % cos !)3
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(1 ! %2)5/2
. (B 8)

Returning to (B 5), and eliminating q with (B 6), we obtain
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h3
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2 + %2
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B.2. The squeeze flow, uS(z, !)

The boundary condition are

uS(0, !) = wS(0, !) = 0 , and uS(h, !) = &̇ sin ! , wS(h, !) = !&̇ cos ! , (B 10)

from which it follows that

uS(z, !) =
z

h
&̇ sin ! !

pS
!

2a"#
z(h! z) and pS(!) =

6a2"#&̇

&h2
. (B 11)

B.3. Forces and torques

Because the hydrodynamic force is dominated by the lubrication pressure,

F a = !aL

#

p(!)(!̂ cos ! + "̂ sin !) d! " f"!̂ + f#"̂ . (B 12)

Because of the specific symmetries of the induced pressures, we observe that

f" = !aL

#

pS(!) cos ! d! f# = !aL

#

pR(!) sin ! d!, (B 13)

which can be evaluated to give the formulae (2.6)-(2.7) quoted in the main text. Symme-
try also demands that the torque on the inner cylinder is provided solely by the rotational
fluid motion. In particular,

Ta " a2"L#

#

uR
z (0, !) d! , (B 14)

which again leads to the quoted formula (2.8).

Appendix C. Adding a rough contact

Frictional contact between the two cylinders demands the inclusion of two contact
forces: C acting on cylinder A, and !C on cylinder B. The equations of motion become

maẌa = F a ! mag + C ,

The  pressure follows from global mass conservation. Integration round the inner 
cylinder gives the forces and torques.
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Alternatively, the total angular momentum balance,
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ab!̇b! cos" ! Mgb sin# + m!

ag! sin$ , (2.5)

where $ = #+", which provides an equivalent equation. Though (2.2)-(2.4) are exact, this
final relation (2.5) contains our first approximation by neglecting the intrinsic angular
momentum of the fluid in the frame of its centre of mass.

As the Stokes approximation describes the flow in the annular gap, the fluid remains in
a state of instantaneous force balance. The forces, f! and f", and torque, Ta, can then be
computed as functions of the instantaneous geometrical arrangement (i.e. ! and ") and
velocities of the cylinder surfaces (given by !a, !b, !̇ and "̇). We do this via lubrication
theory, as outlined in Appendix B, because our snail cylinders have relatively narrow
gaps, although more general results exist (Finn & Cox 2002).

2.2. Lubrication approximation and a reduced model

In lubrication approximation (% " (b # a) $ a), the fluid forces and torques, f", f! and
Ta, take the form (see Appendix B),
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, (2.6)
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, (2.8)

where

'(t) "
!(t)

%
. (2.9)

The equations of motion in (2.2), (2.3), (2.4) and (2.5), and the hydrodynamic quan-
tities defined in (2.6) through (2.8), comprise a sixth-order dynamical system. However,
some further simplifications are a"orded by virtue of % $ a. Moreover, unless the slope
is small, the cylinder accelerates uncontrollably downhill. Hence, we focus on the distin-
guished limit in which also sin# & %/a. In this limit, the equations are systematically
simplified by first non-dimensionalizing using the time scale,

( " 12
m!!

a &a

m!
a%2g

. (2.10)

We next introduce non-dimensional variables

(!̂a, !̂b) " ((!a, !b) , (2.11)

and a non-dimensional time t̂ " t/( . It is also convenient to work with $ = " + #. Then,
on suppressing the hats and to leading order in %/a,

'̇

(1 # '2)3/2
= # cos$ ,

'(!a + !b # 2$̇)

(2 + '2)(1 # '2)1/2
= # sin $ ,
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arrangement. In total, the apparatus has mass,

M ! ma + mb + mf . (2.1)

The reduced mass of the inner cylinder is m!

a ! ma " m!!

a , where m!!

a ! !a2L" is the
displaced mass of fluid.

The mathematical formulation of the model consists of equations of motion for the
positions and rotations of the cylinders, plus the Navier-Stokes equations for the fluid;
Appendix A summarizes the full formulation of the problem. We do not attack this
formulation in all its glory, but introduce the Stokes approximation to simply the fluid
part of the dynamics. However, because the arrangement as a whole is in motion down the
incline, some subtlety is required because one can impose the approximation in di!erent
frames of reference (for example, one can use the inertial, laboratory frame, or frames
based on the centres of each cylinder). The overall fluid accelerations vary from frame to
frame, and so the accuracy of the Stokes approximation likely hinges on which frame to
select. We opt for the following: by introducing the Stokes approximation in the frame
of reference of the centre of mass of the fluid, the acceleration of the fluid as a whole
is incorporated into the dynamics and the residual accelerations about this mean may
plausibly have their smallest e!ect. The details of this choice, and the ramifications on
the dynamics are described in the Appendix; below we summarize the main equations of
the motion that result, and then make the small-gap approximation of lubrication theory
to give a compact description of the fluid forces and torques that enter those equations.
This approximation, namely b " a = # # 1, also allows us to simplify the equations of
motion of the cylinders to arrive at a reduced model that we use to explore the dynamics.

2.1. The equations of motion

The configuration of the apparatus is specified by four independent variables, $(t), %(t),
"a(t) and "b(t). The dynamical considerations of Appendix A indicate that the position
of the inner cylinder is determined by the equations of motion,

!

ma +
m!!

a

2

mf

"

($%̈ + 2$̇%̇) = f! + m!

ag sin & " m!

ab"̇b cos% , (2.2)

!

ma +
m!!

a

2

mf

"

($̈ " $%̇2) = f" " m!

ag cos& " m!

ab"̇b sin % , (2.3)

where f! and f" represent the fluid forces in the direction of the line of centres and
perpendicular to that direction, respectively. The second terms on the right of (2.2) and
(2.3) denote the Archimedean buoyancy force on the inner cylinder, and the final terms
are d’Alembert forces arising because the position of the center of the outer cylinder, to
which the coordinates $ and % are referred, does not lie in an inertial frame. The rotation
of the inner cylinder follows from

1

2
maa

2"̇a = Ta , (2.4)

where Ta is the fluid torque.
Assuming that the outer cylinder rolls without sliding down the inclined plane, the

equation of motion of the outer cylinder can be similarly broken down. Importantly,
those equations contain the forces at the contact point with the plane, which one can
eliminate from the problem algebraically given that the rotation rate, "b, also dictates
the distance rolled. This leaves a single equation for "b(t), as described in Appendix A.
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where $ = #+", which provides an equivalent equation. Though (2.2)-(2.4) are exact, this
final relation (2.5) contains our first approximation by neglecting the intrinsic angular
momentum of the fluid in the frame of its centre of mass.

As the Stokes approximation describes the flow in the annular gap, the fluid remains in
a state of instantaneous force balance. The forces, f! and f", and torque, Ta, can then be
computed as functions of the instantaneous geometrical arrangement (i.e. ! and ") and
velocities of the cylinder surfaces (given by !a, !b, !̇ and "̇). We do this via lubrication
theory, as outlined in Appendix B, because our snail cylinders have relatively narrow
gaps, although more general results exist (Finn & Cox 2002).

2.2. Lubrication approximation and a reduced model

In lubrication approximation (% " (b # a) $ a), the fluid forces and torques, f", f! and
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The equations of motion in (2.2), (2.3), (2.4) and (2.5), and the hydrodynamic quan-
tities defined in (2.6) through (2.8), comprise a sixth-order dynamical system. However,
some further simplifications are a"orded by virtue of % $ a. Moreover, unless the slope
is small, the cylinder accelerates uncontrollably downhill. Hence, we focus on the distin-
guished limit in which also sin# & %/a. In this limit, the equations are systematically
simplified by first non-dimensionalizing using the time scale,
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'̇

(1 # '2)3/2
= # cos$ ,

'(!a + !b # 2$̇)

(2 + '2)(1 # '2)1/2
= # sin $ ,

4 N. J. Balmforth, J. W. M. Bush, D. Vener and W. R. Young

Alternatively, the total angular momentum balance,

d

dt

!

1

2
maa

2!a + (M + mb)b
2!b +

"

ma +
m!!

a

2

mf

#

!2"̇ + m!

ab
d

dt
(! sin ")

$

+m!

ab!̇b! cos" ! Mgb sin# + m!

ag! sin$ , (2.5)

where $ = #+", which provides an equivalent equation. Though (2.2)-(2.4) are exact, this
final relation (2.5) contains our first approximation by neglecting the intrinsic angular
momentum of the fluid in the frame of its centre of mass.

As the Stokes approximation describes the flow in the annular gap, the fluid remains in
a state of instantaneous force balance. The forces, f! and f", and torque, Ta, can then be
computed as functions of the instantaneous geometrical arrangement (i.e. ! and ") and
velocities of the cylinder surfaces (given by !a, !b, !̇ and "̇). We do this via lubrication
theory, as outlined in Appendix B, because our snail cylinders have relatively narrow
gaps, although more general results exist (Finn & Cox 2002).

2.2. Lubrication approximation and a reduced model

In lubrication approximation (% " (b # a) $ a), the fluid forces and torques, f", f! and
Ta, take the form (see Appendix B),

f! = #
12&am!!

a

%2

'̇

(1 # '2)3/2
, (2.6)

f" =
12&am!!

a

%2

'(!a + !b # 2"̇)

(2 + '2)
%

1 # '2
(2.7)

and

Ta =
12&am!!

a

%

(1 # '2)(!b # "̇) # (1 + 2'2)(!a # "̇)

3(2 + '2)
%

1 # '2
, (2.8)

where

'(t) "
!(t)

%
. (2.9)

The equations of motion in (2.2), (2.3), (2.4) and (2.5), and the hydrodynamic quan-
tities defined in (2.6) through (2.8), comprise a sixth-order dynamical system. However,
some further simplifications are a"orded by virtue of % $ a. Moreover, unless the slope
is small, the cylinder accelerates uncontrollably downhill. Hence, we focus on the distin-
guished limit in which also sin# & %/a. In this limit, the equations are systematically
simplified by first non-dimensionalizing using the time scale,

( " 12
m!!

a &a

m!
a%2g

. (2.10)

We next introduce non-dimensional variables

(!̂a, !̂b) " ((!a, !b) , (2.11)

and a non-dimensional time t̂ " t/( . It is also convenient to work with $ = " + #. Then,
on suppressing the hats and to leading order in %/a,

'̇

(1 # '2)3/2
= # cos$ ,

'(!a + !b # 2$̇)

(2 + '2)(1 # '2)1/2
= # sin $ ,



g

A B
O

C

A non-accelerating solution

The c. of m. lies directly above the 
point of contact and the line of 

centers is horizontal.

Under consideration for publication in J. Fluid Mech. 1

Rolling and rocking down an incline

By N.J. Balmforth1, J. Bush2, D. Vener2 and W.R. Young3

1Department of Mathematics, UBC
2Department of Applied Mathematics, MIT

3Scripps Institution of Oceanography, La Jolla CA 92093-0213, USA

(Received ?? and in revised form ??)

!(t) , "(t) , !a(t) , and !b(t)

b ! a = # " a

#

a
" 1 and sin$ #

#

a
$

!̇a = !̇a = !̇ = "̇ = 0

Under consideration for publication in J. Fluid Mech. 1

Rolling and rocking down an incline

By N.J. Balmforth1, J. Bush2, D. Vener2 and W.R. Young3

1Department of Mathematics, UBC
2Department of Applied Mathematics, MIT

3Scripps Institution of Oceanography, La Jolla CA 92093-0213, USA

(Received ?? and in revised form ??)

!(t) , "(t) , !a(t) , and !b(t)

b ! a = # " a

#

a
" 1 and sin$ #

#

a
$

!̇a = !̇a = !̇ = "̇ = 0

!b & !a %
1

sin $

☞

☞

☞ We are relieved to 
discover that this 
solution is linearly 

unstable

(this is crazy)

Under consideration for publication in J. Fluid Mech. 1

Rolling and rocking down an incline

By N.J. Balmforth1, J. Bush2, D. Vener2 and W.R. Young3

1Department of Mathematics, UBC
2Department of Applied Mathematics, MIT

3Scripps Institution of Oceanography, La Jolla CA 92093-0213, USA

(Received ?? and in revised form ??)

!(t) , "(t) , !a(t) , and !b(t)

b ! a = # " a

#

a
" 1 and sin$ #

#

a
$

!̇a = !̇a = !̇ = "̇ = 0

!b & !a %
1

sin $

$



Rocking & rolling 3

arrangement. In total, the apparatus has mass,

M ! ma + mb + mf . (2.1)

The reduced mass of the inner cylinder is m!

a ! ma " m!!

a , where m!!

a ! !a2L" is the
displaced mass of fluid.

The mathematical formulation of the model consists of equations of motion for the
positions and rotations of the cylinders, plus the Navier-Stokes equations for the fluid;
Appendix A summarizes the full formulation of the problem. We do not attack this
formulation in all its glory, but introduce the Stokes approximation to simply the fluid
part of the dynamics. However, because the arrangement as a whole is in motion down the
incline, some subtlety is required because one can impose the approximation in di!erent
frames of reference (for example, one can use the inertial, laboratory frame, or frames
based on the centres of each cylinder). The overall fluid accelerations vary from frame to
frame, and so the accuracy of the Stokes approximation likely hinges on which frame to
select. We opt for the following: by introducing the Stokes approximation in the frame
of reference of the centre of mass of the fluid, the acceleration of the fluid as a whole
is incorporated into the dynamics and the residual accelerations about this mean may
plausibly have their smallest e!ect. The details of this choice, and the ramifications on
the dynamics are described in the Appendix; below we summarize the main equations of
the motion that result, and then make the small-gap approximation of lubrication theory
to give a compact description of the fluid forces and torques that enter those equations.
This approximation, namely b " a = # # 1, also allows us to simplify the equations of
motion of the cylinders to arrive at a reduced model that we use to explore the dynamics.

2.1. The equations of motion

The configuration of the apparatus is specified by four independent variables, $(t), %(t),
"a(t) and "b(t). The dynamical considerations of Appendix A indicate that the position
of the inner cylinder is determined by the equations of motion,
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where f! and f" represent the fluid forces in the direction of the line of centres and
perpendicular to that direction, respectively. The second terms on the right of (2.2) and
(2.3) denote the Archimedean buoyancy force on the inner cylinder, and the final terms
are d’Alembert forces arising because the position of the center of the outer cylinder, to
which the coordinates $ and % are referred, does not lie in an inertial frame. The rotation
of the inner cylinder follows from

1

2
maa

2"̇a = Ta , (2.4)

where Ta is the fluid torque.
Assuming that the outer cylinder rolls without sliding down the inclined plane, the

equation of motion of the outer cylinder can be similarly broken down. Importantly,
those equations contain the forces at the contact point with the plane, which one can
eliminate from the problem algebraically given that the rotation rate, "b, also dictates
the distance rolled. This leaves a single equation for "b(t), as described in Appendix A.
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Alternatively, the total angular momentum balance,
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where $ = #+", which provides an equivalent equation. Though (2.2)-(2.4) are exact, this
final relation (2.5) contains our first approximation by neglecting the intrinsic angular
momentum of the fluid in the frame of its centre of mass.

As the Stokes approximation describes the flow in the annular gap, the fluid remains in
a state of instantaneous force balance. The forces, f! and f", and torque, Ta, can then be
computed as functions of the instantaneous geometrical arrangement (i.e. ! and ") and
velocities of the cylinder surfaces (given by !a, !b, !̇ and "̇). We do this via lubrication
theory, as outlined in Appendix B, because our snail cylinders have relatively narrow
gaps, although more general results exist (Finn & Cox 2002).

2.2. Lubrication approximation and a reduced model

In lubrication approximation (% " (b # a) $ a), the fluid forces and torques, f", f! and
Ta, take the form (see Appendix B),
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The equations of motion in (2.2), (2.3), (2.4) and (2.5), and the hydrodynamic quan-
tities defined in (2.6) through (2.8), comprise a sixth-order dynamical system. However,
some further simplifications are a"orded by virtue of % $ a. Moreover, unless the slope
is small, the cylinder accelerates uncontrollably downhill. Hence, we focus on the distin-
guished limit in which also sin# & %/a. In this limit, the equations are systematically
simplified by first non-dimensionalizing using the time scale,
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We next introduce non-dimensional variables

(!̂a, !̂b) " ((!a, !b) , (2.11)

and a non-dimensional time t̂ " t/( . It is also convenient to work with $ = " + #. Then,
on suppressing the hats and to leading order in %/a,
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(1 # '2)3/2
= # cos$ ,

'(!a + !b # 2$̇)

(2 + '2)(1 # '2)1/2
= # sin $ ,
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tities defined in (2.6) through (2.8), comprise a sixth-order dynamical system. However,
some further simplifications are a"orded by virtue of % $ a. Moreover, unless the slope
is small, the cylinder accelerates uncontrollably downhill. Hence, we focus on the distin-
guished limit in which also sin# & %/a. In this limit, the equations are systematically
simplified by first non-dimensionalizing using the time scale,
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theory, as outlined in Appendix B, because our snail cylinders have relatively narrow
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Solution of the reduced equations

☞

☞

If the slope is not too large, we find rocking 
solutions in which the inner cylinder slowly 

sediments towards the outer cylinder.

If the slope is large, the system  locks onto a 
runaway rolling solution with concentric cylinders:
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☞ There is a range of slopes for which both rocking 
and rolling solutions co-exist (depending on ICs). 
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Some details of the rocking solutions:
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some further simplifications are a"orded by virtue of % $ a. Moreover, unless the slope
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☞ Power-law deceleration: 

☞ The gap closes: 

outer 
cylinder
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function, (gt2 sin ")/3 (dotted lines).

The key problem is that the model predicts that a slow rolling of the snail cylinder
cannot suspend the inner cylinder inside the fluid; the gap must continually thin, leading
to the deceleration of the device. In reality, the cylinders continue to make roughly steady
progress, suggesting that the gap never really closes. One possible explanation is o!ered
by the roughness of the cylinder surfaces: Asperities on the surfaces could, in principle,
prevent full contact of the cylinders and maintain a minimum gap through which fluid
continues to flow. The cylinders then become free to roll steadily at a rate given by the
roughness of the surfaces. A similar argument was put forward by Smart, Beimfohr &
Leighton (1993) for the motion of a sphere down an inclined plane.

☞ There is no indication of power-law deceleration.  

Experiments with the snail-cylinder

☞ The experimental results are (far) simpler 
than the theoretical model.....  



Asperities prevent the closure of the gap and 
maintain an effective minimum separation:   
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Hypothesis

We include a contact force with a “friction angle”:

Rocking & rolling 11

5. Dynamics with a rough contact

When asperities on the surfaces of the two cylinders touch, a contact force must be
included in the equations of motion. This contact force contains a normal reaction, C!

(directed along the line of centres), that holds the cylinders apart, and a tangential
frictional component, C", that acts to equalize the rotation speeds of the cylinders.
The cylinders are thereby prevented from moving closer than a certain critical distance,
! ! !! < 1, allowing fluid flow through the gap to generate finite viscous forces and
torques. The limit, !!, parameterizes the roughness scale.

As described more fully in Appendix C, the reduced model can be modified to include
the leading-order e!ects of the contact forces. The main casualties are the radial equation
of motion (2.12)a and the torque balance (2.12)c, which become

! cos" =

!

(1 ! !2)"3/2!̇ if ! < !!

C! if ! = !!

, (5.1)

and

(1 ! !2)("b ! "̇) ! (1 + 2!2)("a ! "̇)

3(2 + !2)
"

1 ! !2
=

!

1

2
#"̇a if ! < !! ,

1

2
#"̇a + C" if ! = !! ,

(5.2)

respectively, where (C!, C") denotes the (suitably non-dimensionalized) contact force. The
angular equation of motion (2.12)b remains unchanged because the frictional contact
force first enters the fray when it becomes comparable to the viscous torque, which
is order #/a smaller than the lubrication pressure force, f". Moreover, total angular
momentum balance (2.12)d is not a!ected by either of the contact forces.

Assuming the standard model of friction, the two components of the contact force are
related by

|C"| ! |C!| tan $, (5.3)

where $ is a friction angle. There are two options contained in (5.3): either the normal
force is su$ciently strong to lock the cylinder surface together, or the surfaces are held
together more weakly and slide over one another with |C"| = |C!| tan $. Given that
"a = "b when the cylinders are locked together (for a narrow gap with a # b), we find
from (2.12)b and (5.2) that

C" = !
2s + (1 ! 2µ)!! sin "

2(1 + 2µ)
. (5.4)

Thus, locking results when
"

"

"

"

2s + (1 ! 2µ)!! sin "

2(1 + 2µ)

"

"

"

"

< | cos"| tan $. (5.5)

To solve the modified system as an initial-value problem, we evolve the system from a
state in which the inner cylinder is suspended in the fluid (!(0) < !!) up to a “collision
time”, t = t!, at which the surfaces touch and !(t!) = !!. Beyond that instant, we set
C! = ! cos" to continue the solution, monitoring whether or not the traction between the
cylinders is su$cient to overcome friction and force the surfaces to slide over one another.
Should (5.5) be satisfied, we set "a = "b and solve (2.12)b,d, with (5.2) relegated to a
diagnostic equation for C" (the system then reduces to the equation for a dissipative,
pushed pendulum). If (5.5) is violated, on the other hand, the cylinders maintain a
sliding contact; we solve (2.12)b,d and (5.2), with C" = cos" tan $ sgn("b ! "a) (the
choice of sign ensures that the friction drags the rotation rates together).

We illustrate the behaviour in figure 7. For the example shown, the ultimate fate of the
system is a steadily rolling solution in which the cylinders are in sliding contact. A case

The radial equation and the torque equation must 
be modified once contact occurs.
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The addition of a rough contact therefore allows the cylinder arrangement to approach
a steady rolling solution. In reality, the minimum gap size, !!, is unlikely to be uniform
over the surfaces of the cylinders, and more probably would be a complicated function of
the orientations of both. A simple way to extend the model to incorporate such an e!ect
is to add slight stochastic variations in !!. Solutions would then converge to irregularly
rolling states in which the system is randomly kicked o! the equilibrium and then rocks
slowly back, with obvious similarities to the observations. In principle, the unsteadiness
o!ers insight into the variations of !!.

The fixed point to which the solution converges is given by

!! sin " = !s , (5.6)

sin " = !
!!("a + "b)

(2 + !2
!
)(1 ! !2

!
)1/2

, (5.7)
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The condition (5.5) for locking now reduces to s < 2
!

1 ! s2/!2
!

tan ", implying
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When the minimum gap is relatively narrow, and $! "
!

1 ! !2
!
# 1, we may write both

solutions in the compact form,
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2
,

$
1 ! s2

s
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, "b = 3$!s Max

"

1

2
, 1 !
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1 ! s2

s
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#

. (5.12)

The steady rolling speeds predicted by these formulae are illustrated in figure 9.

14 N. J. Balmforth, J. W. M. Bush, D. Vener and W. R. Young

1 2 3 4 5 6

10!3

10!2

Slope (degrees)

(a) Speed (m/sec)

0 1 2 3 4 5 6
0

0.005

0.01

0.015

0.02

0.025

0.03

!*=0.4

!*=0.2

Slope (degrees)

(b) Scaled speed

Steel, 50 cS
Alum, 50 cS
Steel, 60 cS
Steel, 200 cS
Alum, 200 cS
Steel, 350 cS
Alum, 350 cS
Steel, 500 cS
Alum, 500 cS

Standard steel
Aluminium
Bubbly steel

Figure 10. The average speeds fitted to the experiments. Panel (a) shows the raw data, plotted
against slope, with the di!erent symbols corresponding to di!erent viscosities (as labelled in
centipoise) and inner cylinders. In panel (b) we scale the speeds by the factor, V!, in (6.2),
and add errorbars based on the variations between several experiments. The two lines show
theoretical predictions assuming V/V! = (!!/2) sin " with !! = 0.1 and 0.2. The data shown by
circles indicate measurements taken for 500 centiStoke (cS) oil in which a large number of small
bubbles are entrained in the fluid and migrate into the narrowest part of the gap between the
cylinders.

6. Comparison of theory and experiment

6.1. Outer cylinder speeds

In dimensional terms, the limiting cylinder speed with rough contact is expected to be

V = V! ! sin ! ! "! Max

!

1

2
, 1 "

#
1 " s2

s
tan #

"

. (6.1)

Equation (6.1) divides the speed into three factors: a velocity scale,

V! =
bM$g

4%m""
a

, (6.2)

the main dependence on slope, sin !, and a final factor dependent on the surface prop-
erties. On the smaller slopes, (6.1) reduces to V = (V!"!/2) sin!.

Average speeds of the outer cylinder in the experiments are shown in figure 10. These
averages are obtained either by linear fits to the recorded position, or by taking the mean
of the time required to roll 25 cm during several di!erent experiments. As illustrated in
the second panel of the figure, a scaling of the speeds by the velocity scale, V!, compresses
the data down close to a single curve that depends slightly on the inner cylinder material.

Also drawn in figure 10 are the lines, V/V! = ("!/2) sin!, with "! = 0.2 and 0.4. The
comparison with the experimental data suggests that "! $ 0.2. In turn, because

"! %
#

1 " &2
!

=

$

1 "
%

1 "
'

b " a

&2

, (6.3)

where ' is the minimum gap width, this implies a maximum roughness scale of ' $ 50
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erties. On the smaller slopes, (6.1) reduces to V = (V!"!/2) sin!.

Average speeds of the outer cylinder in the experiments are shown in figure 10. These
averages are obtained either by linear fits to the recorded position, or by taking the mean
of the time required to roll 25 cm during several di!erent experiments. As illustrated in
the second panel of the figure, a scaling of the speeds by the velocity scale, V!, compresses
the data down close to a single curve that depends slightly on the inner cylinder material.

Also drawn in figure 10 are the lines, V/V! = ("!/2) sin!, with "! = 0.2 and 0.4. The
comparison with the experimental data suggests that "! $ 0.2. In turn, because
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where ' is the minimum gap width, this implies a maximum roughness scale of ' $ 50

where
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Figure 9. Scaled, steady rotation rates, !a/(3!!) and !b/(3!!), for " = 0.15 radians.

The addition of a rough contact therefore allows the cylinder arrangement to approach
a steady rolling solution. In reality, the minimum gap size, !!, is unlikely to be uniform
over the surfaces of the cylinders, and more probably would be a complicated function of
the orientations of both. A simple way to extend the model to incorporate such an e!ect
is to add slight stochastic variations in !!. Solutions would then converge to irregularly
rolling states in which the system is randomly kicked o! the equilibrium and then rocks
slowly back, with obvious similarities to the observations. In principle, the unsteadiness
o!ers insight into the variations of !!.

The fixed point to which the solution converges is given by

!! sin " = !s , (5.6)
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The condition (5.5) for locking now reduces to s < 2
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When the minimum gap is relatively narrow, and $! "
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# 1, we may write both

solutions in the compact form,
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The steady rolling speeds predicted by these formulae are illustrated in figure 9.
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Grade 220 150 120 80 50 Smooth
Inferred (mm) 0.3 0.4 0.5 1 1.6 0.05
Expected (mm) 0.07 0.09 0.12 0.2 0.36

Table 3. Roughness scales for the various grades of sandpaper (as given by the “grit” value
listed). The “inferred” value indicates the number used to collapse the data in figure 11; the
“expected” value is the number quoted by the American CAMI standard and refers to average
particle size.
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Figure 11. Cylinder speeds with sandpaper-coated inner cylinders. Panel (a) shows average
speeds of the outer cylinder scaled by V! against slope for the steel inner cylinder and 500
centiStoke silicone oil. The stars indicate the speeds with the usual, smooth cylinder. In panel
(b), a further scaling of !!/2 is used to collapse the data. The values of !! are calculated using
the roughness scales, ", listed in table 3. The inset plots the inferred "!values against the mean
particle size of the sandpaper (according to the American CAMI standard).

microns. This estimate is consistent with images taken of the surface of the cylinders
with a microscope which revealed roughness of that order.

To explore further the dependence of cylinder speed on surface roughness, we conducted
more experiments in which the steel cylinder was first covered with di!ering grades of
sandpaper (more specifically, we used 50, 80 120, 150 and 220 “grit”, American CAMI
standard). The roughened cylinder speeds are compared to those of the original, smooth
cylinder in figure 11, and are faster by an amount depending on the grade of sandpaper,
confirming the dependence on the scale of roughness. As shown in the second panel of the
figure, the data can be collapsed further when we scale by a roughness factor, !!, given
by the values for " listed in table 3 (speed data for the smooth cylinder also collapse onto
that of the roughened cylinders if we adopt a roughness scale of 50 microns). In the inset
of the picture, the estimated roughness scale, ", is plotted against the mean particle size
of the sandpaper, as given by the the American CAMI standard. The roughness scale is
about four times the mean particle size in each of the five cases used. We conclude that
rough contact provides a plausible rationalization of the experimental results, although
the comparison cannot be used to test the theory without knowing further details of the
sandpaper particle distribution.

Note that the data for the rough cylinders begin at increasingly large inclination angles
as the roughness of the sandpaper increases. This was because we found that the appa-
ratus could come to a halt on the runway if the slope was too small. This is consistent

Expected = average particle diameter quoted by the CAMI standard
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microns. This estimate is consistent with images taken of the surface of the cylinders
with a microscope which revealed roughness of that order.

To explore further the dependence of cylinder speed on surface roughness, we conducted
more experiments in which the steel cylinder was first covered with di!ering grades of
sandpaper (more specifically, we used 50, 80 120, 150 and 220 “grit”, American CAMI
standard). The roughened cylinder speeds are compared to those of the original, smooth
cylinder in figure 11, and are faster by an amount depending on the grade of sandpaper,
confirming the dependence on the scale of roughness. As shown in the second panel of the
figure, the data can be collapsed further when we scale by a roughness factor, !!, given
by the values for " listed in table 3 (speed data for the smooth cylinder also collapse onto
that of the roughened cylinders if we adopt a roughness scale of 50 microns). In the inset
of the picture, the estimated roughness scale, ", is plotted against the mean particle size
of the sandpaper, as given by the the American CAMI standard. The roughness scale is
about four times the mean particle size in each of the five cases used. We conclude that
rough contact provides a plausible rationalization of the experimental results, although
the comparison cannot be used to test the theory without knowing further details of the
sandpaper particle distribution.

Note that the data for the rough cylinders begin at increasingly large inclination angles
as the roughness of the sandpaper increases. This was because we found that the appa-
ratus could come to a halt on the runway if the slope was too small. This is consistent
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For small slopes the 
contact force prevents 
slipping and the system 

rolls with constant speed



Conclusions

☞ Sandpaper experiments show that surface roughness controls 
the speed of descent in rocking regime.

☞ Nonetheless, I am now officially declaring victory over 
the snail cylinder and the snail ball.

☞ The κ_✳ theory  has some success in rationalizing 
experimental results. But κ_✳ is not completely convincing.
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For example, the experimental 
dependence on α  is not this simple.

☞ Other inclined-plane problems are diverting....



A Granular Snail Cylinder


