VOLUME 79, NUMBER 21 PHYSICAL REVIEW LETTERS 24 NVEMBER 1997

Long-Wave Instability in Marginally Stable Shear Flows
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A reduced description of disturbances on marginally stable shear flows is presented. The system is
the Boussinesq equation coupled to a critical-layer, vorticity equation. [S0031-9007(97)04647-4]
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The reductive perturbation theories used by physicistéouter” solution of the matched asymptotics. Because
typically fall into two classes: adiabatic elimination of this eigenfunction is regular, there is no evidence of
strongly damped variables in dissipative systems, othe critical level singularity at this stage. But we must
averaging over fast oscillations in finite dimensionalproceed to higher order to find an evolution equation for
Hamiltonian systems. Our interest here is a third clas$(x, r); at these higher orders in the outer solution, the
which in a peculiar way combines aspects of both methunpalatable singularity of the critical level appears.
ods; this is the development of reduced descriptions for One way of dealing with the singularity is to assume
instabilities in nearly ideal fluids and plasmas. Near thehat the vorticity is uniform at the critical level (that
ideal limit, the dissipative method is of no use. Moreover,is, all of the derivatives of the vorticity vanish there).
because ideal fluids and plasmas are infinite dimensiondi we follow this route, we arrive at a standard long-
Hamiltonian systems, there is a continuum of modawave equation, known as the Boussinesq equation [4].
frequencies with no obvious time-scale separation that caHowever, this Boussinesq equation fails to capture the
be exploited to obtain simplifications. Yet simultaneouslydynamics of the critical level, and it is difficult to reach
there is a peculiar form of (apparent) dissipation—Landawany compelling conclusions about the development of
damping in plasmas and Orr-Kelvin decay in fluids.disturbances on generic basic states.

There are the essential physical ingredients which must be An alternative way of dealing with the apparent singu-
retained in any respectable approximation. larity of the outer flow is to recognize that the critical level

As a concrete example exemplifying the difficulties singularity reflects a failure of the outer expansion: there
outlined above, we derive a reduced model of weakly nonis a region, the “critical layer,” surrounding this level in
linear disturbances on marginally stable, high Reynoldsvhich the vorticity field is not slaved to the evolution of
number shear flows. Long-wave theory is suggested bes(x, ). This forces us to include a second fieldx, v, ),
cause shear flows, such as that shown in Fig. 1, first behe vorticity inside the critical layer, to complete the evo-
come marginally unstable to disturbances with infinitelution equations. The final coupled system is then ob-
scale in the streamwise direction [1]. More specifically,tained on matching the inner and outer solutions in some
flows that have negative vorticity everywhere and contairintermediate region.
an inflection point in the velocity profile can become un- The key feature of the expansion, then, is that the
stable througtt = 0, wherek is the streamwiséx) wave  outer fields appear singular as one approaches the critical
number. layer. The strength of the singularity is determined by

Weakly nonlinear descriptions are subtle developmentthe curvature of the vorticity of the basic state at the
of the linear theory. But for shear flows the underlyingcritical level; that is,U in conventional notation and in
linear description presents difficulties associated with the
“critical level” singularity where the disturbance travels
locally with the speed of the ambient flow [2]. The 1
singularity introduces some difficult mathematics in the s
expansion; this is symptomatic of the modal continuum.g °%
Fortunately, a combination of long-wave theory with §
matched asymptotic analysis (using a development of the
techniques in [3]) saves the day. g-0s

The expansion opens with a study of the linear stability™ _ [, 7
of a basic state like that in Fig. 1; there is an inflection -+ %5 0.~ ©° 1 T Pty gadiont
point at the center of the channel. This is the critical level ) , )
of the marginally stable mode. In the bulk of the flow, FIG. 1. Sample velocity profiles. The solid curves show a

. N . . rproﬁle with a double inflection poinfU” = U™ = 0) at the
the leading order solution is given by the marginal, linea critical level in the middle of the channel. The daslied< 0)

eigenfunction. However, the modal amplitude, denotecnd dotted(x > 0) curves are adjacent equilibria. The bad
b(x,t) is undetermined. This is the first term of the case isk < 0 in which two new inflection points appear.

(a) Velocity (b) Vorticity gradient
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our notationk « —U!". To postpone the effects of this evolves in splendid isolation. The Boussinesq equation
singularity until a manageable order in the expansion, wéas an infinite number of conservation laws and an inverse
demand thaty!” is small in a certain asymptotic sense. scattering transform [6]. We do not know how much
This constrains us to consider profiles that are adjacent tof this mathematical structure survives in the inviscid
an equilibrium with a “double” inflection point as shown (A = 0) version of the system (1) and (2) whér# 0.
in Fig. 1. One important property of the profile is that, We can use (1) and (2) to obtain three basic results
if « is negative, the double inflection point splits into concerning viscous and inviscid shear flows.
three. This leads to uncontrolled asymptotics and failure Linear theory—First we consider the linear initial-
of our expansion (there are unstable modes associateglue problem. If we ignore the nonlinear terms in (1) and
with the new inflection points that break the ordering of(2), and then look for solutions with dependence(&kp),
the expansion). Therefore, we restrict attentiomto- 0 we arrive at
and a singly inflected flow. 2

The result of the reduction is the “Boussinesq critical by + (k¥ — 0)k’b = —sz {dy, (4)
layer equation.” In dimensionless form, the system is -

* + ikyl — Ay = kb;. 5
by + by + by — %(bz)xx = f Lo dy, (1) o ye g)} ' ( )

We solve these equations subject to initial conditions in
B . which b and b, are specified and (x, y,0) = {o(y)e’**.
bty _ Adw + b"_gy N Kl_” ! (2) Equation (5) has the solution
where —o < y < = is the coordinate within the critical p
layer. (= K] gt — s5,y)bs(s)ds
There are three parameters in the equatians,A, 0
and «. In addition, should we solve (1) and (2) on
a finite, periodic domain inx, then there is also a 207
dimensionless domain siz&, The parametes is equal _ , 2.3 5 ,
to =1, depending on whether the flow is linearly unstableNere (. y) = exp(—ikyr — Ak*r*/3) and f(q) is the
Fourier transform(d, — ig) of the initial condition,

or stable. A is the viscosity parameter (essentially the L . .
Haberman parameter of crit)i/ca?l layer theo(ry). Y fo(y). _On ;ubg,ctltutlng Eq. (6) into _(‘11') and makm_g use
Without loss of generality, we require that the of the identity [ ~., ¢(1, y) dy = 2m|k|~'5(r), we obtain

average ofb is zero; in the asymptotic expansion this b + mklklb, + (kK> — o)k*b = —k>gy(kr)e™ /3
requirement is used to distinguish the basic state from @)
the disturbancel. We also solve Eq. (2) subject to the 114 homogeneous part of Eq. (7) has normal mode

boundary conditions{ — 0, as|y| — *=. The integral solutionsh = exdik(x — c1)]. wheree satisfies
on the right-hand side of (1) must then be evaluated as a 2, 'dls;xr(k) ¢ )];L ]:2 0 ®)
C LT KcC g — = V.

principal value at infinity because it follows from (2) that

{~y L It is remarkable that this dispersion relation is independent
The Boussinesq critical layer system possesses a numf A, provided only that # 0.

ber of conservation laws. Defin@ andw by b, = 9, From (8), we see that there is instability when> k2.

and ¥J; = —w,. Denote an integral ove® < x < L  The dispersion relation is shown in Fig. 2. The forcing

by () and definez, [~ ¢ dy, Zi = [Z.(y¢ — k9)dy, term on the right-hand side of (7) arises from the vortical

andZ, = [“.(y?¢ — k9y — kw)dy. Then,(b), (), perturbations injected at= 0. Thus (7) shows how the

(xb);, (Zy), and (Z; + b¥) are constants of motion. normal modes are excited by initial disturbances.

) * 3 3 od
+ ezkx f7 {0({,] + kt)eA[q —(g+kt) ]/3k+lqy_q (6)

Also, In (7) there is no difficulty in taking the inviscid limit;
(Zy + ob® — 92 — b2 — b3/3 — 2bZ0), = 2MZ0): simply setA = 0. Thus the viscous initial value problem
* ; limits identically to its inviscid counterpart. However,
3
we refer to (3) as the energy equation. This relation im- (a) Stable case (b) Unstable case
plies that the energy integral in (3) increases linearly with 2 —
time, unless there is no mean vorticity in the disturbance. I ! Reelfo) .-
This is merely the secular growth of the usual Poincaré | = e
¥ X

invariant in two-dimensional, viscous fluids. Here, it sig- ©
nifies that thex-averaged vorticity inside the critical dif- Z—
fuses viscously outwards [5]. -2 ; -2

| -1

.. . Imag(c) Imag(c)
One limit of the system (1) and (2) is the pure =
. . . . 0 0.5 1 15 2 0 0.5 1 1.5 2
Boussinesq equation, which is a well-known model of K k

marginally stable, long-wave disturbances [4]. To obtaing 5 5 Eigenvalues for (ay = —1 and (b)o = 1. In (b)

this special case, we set= 0 and suppose thaf =0  the inviscid eigenvalues are shown Bythere are no inviscid
att = 0. Then/ = 0 for all time, and the fieldb(x,1)  eigenvalues in case (a).
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this is not true of the normal modes; Eq. (8)rist the Equation (12) again has conservation laws. One of
inviscid dispersion relation. If we set = 0 in (5), the the more notable of these is the analog of the energy
inviscid normal mode has an eigenfunction, equation (3),

[£,6] = %D e/(c — y), 1], 9) (9% + b2 — ab® + b*/3), = mr(IH[9,]) = 0

(13)
(H[9,] is a negative definite, pseudodifferential opera-
. 5 ] tor). Thus the energy functional must decrease in time.

¢* +imsgric)ke + o — k=0 (if A=0). In fact, it is only stationary provided = 0, that is, for

(10)  steady solutions. These steady solutions are the steady so-
The key difference between (8) and (10) is the (sgn lutions Qf the.Boussinesq equation, and the energy integral
in (10). This discontinuous function signifies that the ¢@n be identified as part of the Hamiltonian functional of
inviscid dispersion relation is not analytic if in fact, that equation. Therefore, ml_Jc_h as a particle in a_potentlal
it has a branch cut along the axis; this locates the well will sink to rest at the minimum of the potential, the

and then, using/dy/(y — ¢) = i sgr(c;), it follows
that the inviscid dispersion relation is

continuous spectrum. Boussinesq critical layer system relaxes to a steady state
Equation (10) implies that there are discrete inviscigthat minimizes the Hamiltonian. _ o
modes only in the unstable bata > k2). The inviscid Inviscid equilibria—Third, we establish some inviscid

eigenvalues are also shown in Fig. 2. From this ﬁgureequilibrium.solutio'n to the coupled, Boussinesq-critical-

it is evident that the unstable inviscid mode is equivalent@Y®r €quations using the techniques in [9]. _

to the unstable viscous mode. However, there is a stable If We neglect the viscous term, and look for traveling

inviscid mode that has no viscous counterpart [7] wiceé ~ Wave solutions with forms) = b(x — ct) = b(¢) and

versa { = {(x = ct,y) = ¢(£,y), then Egs. (1) and (2) reduce
The damped viscous modes obtained from (8) havd? .

a curious correspondence with inviscid eigenvalues ob- n T p — Lbz +p= f

tained from (10): if one ignores the sgn), then the bee + (o + ) 2 —o §(&,y)dy,

damped viscous modes appear as “inconsistent” solutions (14)
of the inviscid dispersion relation. We refer to these in-
consistent solutions of (10) as quasimodes of the invis- (v = &g + bedy + cxbe =0, (15)

cid problem. The quasimodes appear in the initial valugvhereP is a constant_of integration, chosen to ensure that
problem whethen is finite or zero. In ideal plasma the- thex-average ob vanishes.
ory the decay associated with such quasimodes is Landau Equation (15) is solved by + cky = Z(¥), where
damping; here, we have the fluid analog. The distinc¥ = B(¢) = (y — ¢)*/2andB(¢) = b(¢) — bmin. We
tion between the inviscid quasimodes and bona fide vicougonfine attention to the case in whidhis a periodic
modes can only be appreciated by examining the vorticitfunction of & so that the(s,y) plane is divided into
in (6) which, whenA = 0, contains a nonseparable and three regions as shown in Fig. 3. There are two “open
undamped term of the form etyr). Thus, the invis- Streamline” regions® ™ and O ~; the open streamlines
cid vorticity does not have normal mode form, and thisare separated by a recirculating eddy of closed streamlines
is why the quasimodes escape the net cast by the norm@ie.. the cat's eye). We denote the region of closed
mode ansatz. These subtleties evaporate with the additigireamlines byC. The separatrix ist = 0 and, inside
of viscosity: the quasimodes disappear but are replaced t@ v > 0. ) . _
damped viscous normal modes that have intensely oscilla- The function Z(¥) can have different branches in
tory vertical structure when — 0 [8]. each ofC and ®*. We restrict attention to a simple
The viscous critical layer—We next consider strongly class of solutions by taking’ + cxy = ++/=2¥, in
viscous critical layers and take>> 1. We then adiabati- O, respectively; this ensures thét— 0 as |y| — .
cally eliminate/ through the relation,, — y¢, = xb,. ~ Within C we write { + cky = Zc(W). Because of the

This leads to antisymmetry of the vorticity irf© * and© ~, we evaluate
- - [, dy by integrating only ovet”. Then, Eq. (14) can
f Lody = Kf b,(x/,t)/ — bi(x,1) dx! be written as
—o0 —o X — X 1 B Z (\P) dllf
t(oc+cb— —b*+P= =
= 7k Hb], e L N
where { denotes a Hilbert transform. Hence the (16)
Boussinesq part of the system is The right-hand side of (16) is the Abel integral.
_ _ 2 _ The integral equation (16) can be simplified in one of
bu = mkH [bu] + Tbss = bose = (67/2)x = 0. two ways. The first option is to specify the functidh
(12)  and then evaluate the integral on the right of (16). This

The nonlocal dissipative Hilbert transform term in (12) isleads to a nonlinear oscillator equation which determines
anticipated by the factor s¢f) in (8). the stream function amplitudé,(¢). In essence, we fix
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, Streamfunction, b Boussinesq blow up be halted by the reaction of the

critical layer?

We close with some more general remarks about the
coupled system (1) and (2). In reductions of dissipative
problems, or in averaging methods, one is able to simplify
the system by reducing the number of dimensions. |If
such methods were to work in the problem at hand,
we would derive a long wave equation in the single
coordinate,x, such as the Ginzburg-Landau equation or
the pure Boussinesqg equation. However, because of the
continuous spectrum, at each order of the asymptotic
expansion, singularities of increasingly higher degree
appear at the critical level [11]. The cure is an inner
expansion of the critical layer that leaves us with a system
which still involves bothy andy (see also [12]). In fact,
at first sight (1) and (2) might appear to be as complicated
as the Navier-Stokes equation. The examples we have
FIG. 3. Geometry of the inviscid equilibrium. In the cat's presgnted show that this is not so.
eye, the vorticity is given by = Z¢(¥) — cky. This collaboration began at the Woods Hole Oceano-

graphic Institutions’s Summer Study Program on
the vorticity distribution in the cat's eye, then find the Geophysical Fluid Dynamics. We thank J.B. Keller for
associated stream function. pointing out to us that most people prefer equations to

Alternatively, we may proceed by specifyiddé), and  solutions. N.J.B. acknowledges partial support from the
then express the left-hand side of (16) as a known functiofsreen Foundation. This research was supported by the
of b. Then we solve the resulting Abel equation for National Science Foundation Award No. OCE 9529824.
Zc. This procedure determines the cat's eye vorticity
distribution that corresponds to a given stream function.
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