
W.R. Young, M. Ben Jelloul, C.B. Rocha, 
 G.L. Wagner, O. Asselin 

Scripps institution of Oceanography 

Interaction of near-inertial waves with 
geostrophic turbulence 

(in the ocean)

Congratulations Triantaphyllos! 



The turbulent (and wavy) upper ocean

Chris Henze, NASA

Surface speed 
1 day/sec



The turbulent (and wavy) upper ocean

Chris Henze, NASA

Surface speed 
1 day/sec



The turbulent (and wavy) upper ocean

Chris Henze, NASA

You see: (1) Tides; (2)  Eddies; 
(3) Near Inertial Waves.

Surface speed 
1 day/sec



Look at measurements of the 
horizontal velocity taken by a current 
meter at a single point in the ocean.
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period 2⇡/N , where N is the buoyancy frequency associated with the background

stratification. (The WHOI699 mooring data were hourly averaged, so the buoyancy

period,⇠ 20 minutes, is not resolved.) Two distinct peaks account for most of the kinetic

energy in the internal-wave band: near-inertial waves, with period near 2⇡/ f0 = 22.88

h, and the M2 tide, with period 2⇡/!M2
= 12.42 h. These frequencies stand out because

they are directly forced by semi-diurnal barotropic lunar tides and by shifting winds at

the sea surface [e.g., Ferrari and Wunsch 2009].

Figure 1.2: (a) Near-inertial and subinertial velocity time series from WHOI299 mooring at 260 m

(nominal depth), whose spectra is shown in figure 1.1. (b) A blow-up of the shaded timespan in (a). (c)

Near-inertial velocity hodograph for the velocity series in (b); black dots in (c) show data on May 15,

1981, depicting the clockwise polarization of the near-inertial currents.

In the WHOI699 mooring, the near-inertial peak, with frequencies 0.8 f0 !ni 
1.2 f0, account for 14% of the total kinetic energy or about 50% of the eddy kinetic

energy at frequencies higher than 0.8 f0. The leaking of kinetic energy out of the inertial

frequency towards lower frequencies probably stems from interactions of near-inertial

waves with subinertial flows [e.g., Kunze 1985; Young and Ben-Jelloul 1997]. Near-

Time series from WHOI mooring 699
260m depth, near the Kuroshio in the NP 

Clockwise
rotation

Eddies and waves are well separated in frequency
(but not in space).
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Motion in the Ocean

Eddies and waves are well 
separated in frequency.

There is no well defined 
spatial separation.

The near-inertial peak 
contains about half of the 
IGW energy and most of 

the vertical shear.

The near-inertial peak is
.

YBJ at higher order

William R. Young ∗

August 2, 2019

1 Basic

The back-rotated velocity

ut − fv ≈ 0 (1)

vt + fu ≈ 0 (2)

⇒ (u + iv)t + if(u+ iv) ≈ 0 (3)

∂t
[

eift (u+ iv)
]

≈ 0 (4)

R =
Ũ

f
(5)

=
0.6MKS

10−4MKS
= 6km (6)

ω =

√

f2 +
N2k2

f2m2

NIW
⇒ ω ≈ f + 1

2

N2k2

fm2

︸ ︷︷ ︸

≪f

(7)

ω ≈ f + 1
2

N2k2

fm2
(8)

f0 = 2Ω sin θ (9)

N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv

fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (10)

(u, v, w, p, b) ∝ eikx+imz−iωt (11)
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N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv
fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (14)

(u, v, w, p, b) ∝ eikx+imz−iωt (15)

The near-inertial peak is roughly

0.8 <
ω

f0
< 1.2 (16)

Ri =
N2

u2
z + v2z

(17)
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NIWs are wind forced

Ocean Storms Experiment, 1987, North Pacific

NIWs are wind forced, 
intermittent and volatile.

NIWs are not part of the 
“universal IGW continuum”.

The radius of an 
“inertial circle” is:

YBJ at higher order
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1 Basic

The back-rotated velocity

ut − fv ≈ 0 (1)

vt + fu ≈ 0 (2)

(3)

U
def
= e−ift (u+ iv) (4)

⇒ Ut ≈ 0 (5)

R =
Ũ

f
(6)

=
0.6MKS

10−4MKS
= 6km (7)

2 Equations

With a multiple time scale expansion

∂t = ∂t0 + ϵ2∂t2 + ϵ3∂t4 + · · · (8)

the scaled momentum equations can be written as

(∂t0 + if)U = −ϵ2
[

∂t2U+ 2ps∗ + J(Ψ,U) + i
2ZU+ i

2Υ
∗
U

∗

]

− ϵ4
[

2iwΨzs∗ + ∂t4U
]

+ ord(ϵ6) . (9)

The above is YBJ equations (2.15a) and (2.15b) with q = 2. I’m using the notation

Z = 4Ψss∗ = △Ψ , and Υ
def
= 4Ψss = Ψxx −Ψyy − 2iΨxy . (10)

Note there should probably ageostrophic terms at ϵ4:

ϵ4ua
·∇U+ ϵ4 [NIW advection of ageostrophic velocity] (11)
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Near-Inertial Waves
The leading-order balance in the 

horizontal momentum equations is:

In terms of the back-
rotated velocity: 

The radius of an 
“inertial circle” is:
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In the shallow (50-100m deep) surface 
layer NIWs are horizontally coherent over 

separations greater  than 1000km.

Deeper down, horizontal coherence 
scales are ~ 50km-100km.
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N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv
fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (14)

(u, v, w, p, b) ∝ eikx+imz−iωt (15)

The near-inertial peak is roughly

0.8 <
ω

f0
< 1.2 (16)

Ri =
N2

u2
z + v2z

(17)

The back-rotated velcoity
∂t

[

eift(u + iv)
]

≈ 0 (18)
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The role of NIWs in oceanography

(u+ iv)t + if(u+ iv) = −(px + ipy) (11)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (12)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (13) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (14)

pz + b = 0 , (15)

ux + vy + wz = 0 , (16)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (17)

ϵ2 = Bu = Ro (18)

∂t "→ ∂t + ϵ2∂t2 (19)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (20)

w0 = − f2

N2Azs e
−ift + cc . , (21) leadord11

b0 = ifAzs e
−ift + cc . , (22)

p0 = ifAs e
−ift + cc . , (23) leadord17

∂s =
1
2
(∂x − i∂y) (24)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (25)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f △A

]

︸ ︷︷ ︸

"→0

(26)

Notation
i2 = −1 , △

def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (27)

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (28)

∂tLA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (29)

The imprinting term
∂tLA+J(Ψ, LA) + i

2
△Ψ LA+ i

2
f△A = 0 (30)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (31)

2

Aren’t NIWs just a very 
special case of IGWs?

 NIWs contain most of the 
vertical shear in the ocean

and therefore control mixing.

N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv

fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (14)

(u, v, w, p, b) ∝ eikx+imz−iωt (15)

The near-inertial peak is roughly

0.8 <
ω

f0
< 1.2 (16)

Ri =
N2

u2
z + v2z

(17)

2

The leading-order NIW dynamical 
balance is trivial. Therefore many 

small physical processes are 
responsible for NIW evolution. 

(u+ iv)t + if(u+ iv) = −(px + ipy) (18)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (19)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (20) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (21)

pz + b = 0 , (22)

ux + vy + wz = 0 , (23)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (24)

ϵ2 = Bu = Ro (25)

∂t "→ ∂t + ϵ2∂t2 (26)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (27)

w0 = − f2

N2Azs e
−ift + cc . , (28) leadord11

b0 = ifAzs e
−ift + cc . , (29)

p0 = ifAs e
−ift + cc . , (30) leadord17

∂s =
1
2 (∂x − i∂y) (31)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (32)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f △A
]

︸ ︷︷ ︸

"→0

(33)

Notation
i2 = −1 , △

def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (34)

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (35)

∂tLA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (36)

NIW leading order
∂t(u+ iv) + f(u+ iv) ≈ 0 (37)

The imprinting term
∂tLA+J(Ψ, LA) + i

2
△Ψ LA+ i

2
f△A = 0 (38)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (39)

3

Energy exchange between balanced flow 
and IGWs is mostly due to NIWs.

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (40)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(41)

Ψ(x, y, z, t) = QG streamfunction , (42)

LA(x, y, z, t) = the back-rotated velocity (43)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (44)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (45)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (46)

Dispersion: ∇p ⇒ i
2f △A (47)

A = eikx+imz−iσt , (48)

⇒ σ =
N2k2

2fm2
(49)

3 Gill’s problem

ℓv = 50m ℓh = 3× 105 m (50)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(51)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(52)

ℓv
ℓh

= 1.7× 10−4 (53)

N

f
= 50 (54)

⇒ Bu =

(
Nℓv
fℓh

)2

= 7× 10−5 (55)

ℓv
cv

=
1

fBu
, (56)

= 15000/f (57)

= 4.5 years (58)

104m (59)

t = 0 : u+ iv = LA = Ũ exp

(

−
z2

δ2

)

(60)
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This concludes the general introduction

Now derive a phase-
averaged description of 

NIW evolution.

This is an  NIW analog of 
the QG approximation.
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(

−
z2

δ2

)

(60)

4



(u+ iv)t + if(u+ iv) = −(px + ipy) (11)
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2
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△
def
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2

(u+ iv)t + if(u+ iv) = −(px + ipy) (11)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (12)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (13) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (14)

pz + b = 0 , (15)

ux + vy + wz = 0 , (16)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (17)

ϵ2 = Bu = Ro (18)

∂t "→ ∂t + ϵ2∂t2 (19)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (20)

w0 = −
f2

N2Azs e
−ift + cc . , (21) leadord11

b0 = ifAzs e
−ift + cc . , (22)

p0 = ifAs e
−ift + cc . , (23) leadord17

∂s =
1
2
(∂x − i∂y) (24)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (25)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f △A

]

︸ ︷︷ ︸

"→0

(26)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (27)

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (28)

∂tLA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (29)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (30)

Ψ(x, y, z, t) = QG streamfunction , (31)

LA(x, y, z, t) = the back-rotated velocity (32)

2

Notation:

(u+ iv)t + if(u+ iv) = −(px + ipy) (11)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (12)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (13) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (14)

pz + b = 0 , (15)

ux + vy + wz = 0 , (16)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (17)

ϵ2 = Bu = Ro (18)

∂t "→ ∂t + ϵ2∂t2 (19)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (20)

w0 = −
f2

N2Azs e
−ift + cc . , (21) leadord11

b0 = ifAzs e
−ift + cc . , (22)

p0 = ifAs e
−ift + cc . , (23) leadord17

∂s = 1
2
(∂x − i∂y) (24)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (25)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f △A
]

︸ ︷︷ ︸

"→0

(26)

Notation
i2 = −1 , △
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= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (27)

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (28)

∂tLA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (29)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (30)

Ψ(x, y, z, t) = QG streamfunction , (31)

LA(x, y, z, t) = the back-rotated velocity (32)

2

(u+ iv)t + if(u+ iv) = −(px + ipy) (18)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (19)

ut+ϵ
2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (20) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (21)

pz + b = 0 , (22)

ux + vy + wz = 0 , (23)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (24)

ϵ2 = Bu = Ro (25)

∂t "→ ∂t + ϵ2∂t2 (26)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (27)

w0 = − f2

N2Azs e
−ift + cc . , (28) leadord11

b0 = ifAzs e
−ift + cc . , (29)

p0 = ifAs e
−ift + cc . , (30) leadord17

u+ iv = e−ift
LA (31)

∂s =
1
2
(∂x − i∂y) (32)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (33)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f △A
]

︸ ︷︷ ︸

"→0

(34)

Notation
i2 = −1 , △

def
= ∂2x + ∂2y , L

def
= ∂z

f2

N2 ∂z (35)

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (36)

∂tLA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (37)

NIW leading order
∂t(u+ iv) + f(u+ iv) ≈ 0 (38)

The imprinting term
∂tLA+J(Ψ, LA) + i

2
△Ψ LA+ i

2
f△A = 0 (39)

3

The master variable is the 
back-rotated velocity

The Answer

The back-rotated velocity
satisfies a phase-averaged  

evolution equation

(u+ iv)t + if(u+ iv) = −(px + ipy) (18)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (19)

ut+ϵ
2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (20) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (21)

pz + b = 0 , (22)

ux + vy + wz = 0 , (23)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (24)

ϵ2 = Bu = Ro (25)

∂t "→ ∂t + ϵ2∂t2 (26)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (27)

w0 = − f2

N2Azs e
−ift + cc . , (28) leadord11

b0 = ifAzs e
−ift + cc . , (29)

p0 = ifAs e
−ift + cc . , (30) leadord17

u+ iv = e−ift
LA (31)

∂s =
1
2
(∂x − i∂y) (32)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (33)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f △A
]

︸ ︷︷ ︸

"→0

(34)

Notation
i2 = −1 , △

def
= ∂2x + ∂2y , L

def
= ∂z

f2

N2 ∂z (35)

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (36)

∂tLA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (37)

NIW leading order
∂t(u+ iv) + f(u+ iv) ≈ 0 (38)

Q = △Ψ+ LΨ (39)

3

The QG PV uses the same two 
differential operators

N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv
fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (14)

(u, v, w, p, b) ∝ eikx+imz−iωt (15)

The near-inertial peak is roughly

0.8 <
ω

f0
< 1.2 (16)

Ri =
N2

u2
z + v2z

(17)

The back-rotated velocity
∂t

[

eift(u + iv)
]

≈ 0 (18)

LA (19)
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YBJ at higher order

William R. Young ∗

July 28, 2019

1 Basic

The back-rotated velocity

ut − fv ≈ 0 (1)

vt + fu ≈ 0 (2)

⇒ (u + iv)t + if(u+ iv) ≈ 0 (3)

U
def
= eift (u+ iv) (4)

⇒ Ut ≈ 0 (5)

R =
Ũ

f
(6)

=
0.6MKS

10−4MKS
= 6km (7)

ω2 = f2 +
N2k2

f2m2
⇒ ω

NIW
≈ f + 1

2

N2k2

fm2
(8)

N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv
fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (9)

2 Equations

With a multiple time scale expansion

∂t = ∂t0 + ϵ2∂t2 + ϵ3∂t4 + · · · (10)

the scaled momentum equations can be written as

(∂t0 + if)U = −ϵ2
[

∂t2U+ 2ps∗ + J(Ψ,U) + i
2ZU+ i

2Υ
∗
U

∗

]

− ϵ4
[

2iwΨzs∗ + ∂t4U
]

+ ord(ϵ6) . (11)

∗Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230, USA.

1

Note NIWs have extreme aspect 
ratio — like pancakes.

Let’s examine the dispersion 
relation of hydrostatic  IGWs
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1 Basic

The back-rotated velocity

ut − fv ≈ 0 (1)

vt + fu ≈ 0 (2)

⇒ (u + iv)t + if(u+ iv) ≈ 0 (3)

U
def
= eift (u+ iv) (4)

⇒ Ut ≈ 0 (5)

R =
Ũ

f
(6)

=
0.6MKS

10−4MKS
= 6km (7)

ω =

√

f2 +
N2k2

f2m2

NIW
⇒ ω ≈ f + 1

2

N2k2

fm2
︸ ︷︷ ︸

≪f

(8)

N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv
fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (9)

u+ iv ∝ eikx+imz−iωt (10)

∗Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230, USA.

1

The Burger number is the order parameter in the 
following expansion. The Rossby number is secondary.
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R =
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≪f

(8)
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≫ 1 , but still

N2k2

f2m2
=

(
Nλv
fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (9)

(u, v, w, p, b) ∝ eikx+imz−iωt (10)

∗Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230, USA.
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Preliminary considerations



1. A phase-averaged NIW equation 

Linearize around a 
quasigeostrophic flow

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ
2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 ++U ·∇u+ u ·∇U + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

3 The expansion

3.1 Leading order, ϵ0

The leading-order solution is
U0 = LA e−ift0 , (17)

and

w0 = − f2

N2Azse
−ift0 − f2

N2A
∗
zs∗e

+ift0 , (18) leadOrd1

b0 = ifAzse
−ift0 − ifA∗

zs∗e
+ift0 , (19)

p0 = ifAse
−ift0 − ifA∗

s∗e
+ift0 . (20) leadOrd3

The relative vorticity is

ζ0 = iU∗
0s∗ − iU0s , (21)

= iLA∗
s∗ e

+ift0 − iLAse
−ift0 . (22)

Note that the leading order fields have zero APV:

fζ0 + Lp0 = 0 . (23)

3.2 Second order, ϵ2

The momentum equation is

(∂t0 + if)U2 = −∂t2LA e−ift02ifAss∗e
−ift0 + 2ifA∗

s∗s∗e
+ift0

− J(Ψ, LA)e−ift0 − i
2Z LA e−ift0 − i

2Υ
∗
LA∗ e+ift0 . (24)

Removing the resonant terms gives the leading-order evolution equation

∂t2LA+ J(Ψ, LA) + i
2Z LA+ 2ifAss∗ = 0 . (25) eveq2

The leading-order evolution equation (25) can be rearranged as

fAs∗s = i
2

[

∂t2LA+ J(Ψ, LA) + i
2Z LA

]

. (26) eveq23

2

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ
2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇U + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

3 The expansion

3.1 Leading order, ϵ0

The leading-order solution is
U0 = LA e−ift0 , (17)

and

w0 = − f2

N2Azse
−ift0 − f2

N2A
∗
zs∗e

+ift0 , (18) leadOrd1

b0 = ifAzse
−ift0 − ifA∗

zs∗e
+ift0 , (19)

p0 = ifAse
−ift0 − ifA∗

s∗e
+ift0 . (20) leadOrd3

The relative vorticity is

ζ0 = iU∗
0s∗ − iU0s , (21)

= iLA∗
s∗ e

+ift0 − iLAse
−ift0 . (22)

Note that the leading order fields have zero APV:

fζ0 + Lp0 = 0 . (23)

3.2 Second order, ϵ2

The momentum equation is

(∂t0 + if)U2 = −∂t2LA e−ift02ifAss∗e
−ift0 + 2ifA∗

s∗s∗e
+ift0

− J(Ψ, LA)e−ift0 − i
2Z LA e−ift0 − i

2Υ
∗
LA∗ e+ift0 . (24)

Removing the resonant terms gives the leading-order evolution equation

∂t2LA+ J(Ψ, LA) + i
2Z LA+ 2ifAss∗ = 0 . (25) eveq2

The leading-order evolution equation (25) can be rearranged as

fAs∗s = i
2

[

∂t2LA+ J(Ψ, LA) + i
2Z LA

]

. (26) eveq23

2

Use multiple time-scales. 
Avoid WKB.

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ
2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇U + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

∂t "→ ∂t + ϵ2∂t2 (17)

3 The expansion

3.1 Leading order, ϵ0

The leading-order solution is
U0 = LA e−ift0 , (18)

and

w0 = − f2

N2Azse
−ift0 − f2

N2A
∗
zs∗e

+ift0 , (19) leadOrd1

b0 = ifAzse
−ift0 − ifA∗

zs∗e
+ift0 , (20)

p0 = ifAse
−ift0 − ifA∗

s∗e
+ift0 . (21) leadOrd3

The relative vorticity is

ζ0 = iU∗
0s∗ − iU0s , (22)

= iLA∗
s∗ e

+ift0 − iLAse
−ift0 . (23)

Note that the leading order fields have zero APV:

fζ0 + Lp0 = 0 . (24)

3.2 Second order, ϵ2

The momentum equation is

(∂t0 + if)U2 = −∂t2LA e−ift02ifAss∗e
−ift0 + 2ifA∗

s∗s∗e
+ift0

− J(Ψ, LA)e−ift0 − i
2Z LA e−ift0 − i

2Υ
∗
LA∗ e+ift0 . (25)

Removing the resonant terms gives the leading-order evolution equation

∂t2LA+ J(Ψ, LA) + i
2Z LA+ 2ifAss∗ = 0 . (26) eveq2

2

The “pressureless” 
leading-order solution

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇U + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

2

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift0 , (19)

w0 = −
f2

N2Azs e
−ift0 + cc . , (20) leadord11

b0 = ifAzs e
−ift0 + cc . , (21)

p0 = ifAs e
−ift0 + cc . , (22) leadord17

2

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift0 , (19)

w0 = −
f2

N2Azs e
−ift0 + cc . , (20) leadord11

b0 = ifAzs e
−ift0 + cc . , (21)

p0 = ifAs e
−ift0 + cc . , (22) leadord17

∂s =
1
2
(∂x − i∂y) (23)

2



2. A phase-averaged NIW equation

There is a solvability 
condition at next order

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (19)

w0 = −
f2

N2Azs e
−ift + cc . , (20) leadord11

b0 = ifAzs e
−ift + cc . , (21)

p0 = ifAs e
−ift + cc . , (22) leadord17

∂s =
1
2
(∂x − i∂y) (23)

(∂t + if) (u2 + iv2) = −e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
f△ΨLA+ i

2
△A

]

︸ ︷︷ ︸

"→0

+e+ift [· · · ] (24)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (25)

2

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (19)

w0 = −
f2

N2Azs e
−ift + cc . , (20) leadord11

b0 = ifAzs e
−ift + cc . , (21)

p0 = ifAs e
−ift + cc . , (22) leadord17

∂s =
1
2
(∂x − i∂y) (23)

(∂t + if) (u2 + iv2) =− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f △A

]

︸ ︷︷ ︸

"→0

+e+ift [· · · ] (24)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (25)

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (26)

2

The NIW evolution 
equation

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (19)

w0 = −
f2

N2Azs e
−ift + cc . , (20) leadord11

b0 = ifAzs e
−ift + cc . , (21)

p0 = ifAs e
−ift + cc . , (22) leadord17

∂s =
1
2
(∂x − i∂y) (23)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (24)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f △A

]

︸ ︷︷ ︸

"→0

(25)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (26)

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (27)

2Differential operators

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (19)

w0 = −
f2

N2Azs e
−ift + cc . , (20) leadord11

b0 = ifAzs e
−ift + cc . , (21)

p0 = ifAs e
−ift + cc . , (22) leadord17

∂s =
1
2
(∂x − i∂y) (23)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (24)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f △A

]

︸ ︷︷ ︸

"→0

(25)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (26)

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (27)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (28)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (29)

Dispersion: ∇p ⇒ i
2
f △A (30)

2

Physical 
interpretation 
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Special solutions 

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (19)

w0 = −
f2

N2Azs e
−ift + cc . , (20) leadord11

b0 = ifAzs e
−ift + cc . , (21)

p0 = ifAs e
−ift + cc . , (22) leadord17

∂s =
1
2 (∂x − i∂y) (23)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (24)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f △A

]

︸ ︷︷ ︸

"→0

(25)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (26)

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (27)

The imprinting term
∂tLA+J(Ψ, LA) + i

2
△Ψ LA+ i

2
f△A = 0 (28)

Special solutions
∂tLA+ J(Ψ, LA) + i

2△Ψ LA
︸ ︷︷ ︸

”imprinting”

+ i
2f△A = 0 (29)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (30)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (31)

Dispersion: ∇p ⇒ i
2
f △A (32)

2

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (19)

w0 = −
f2

N2Azs e
−ift + cc . , (20) leadord11

b0 = ifAzs e
−ift + cc . , (21)

p0 = ifAs e
−ift + cc . , (22) leadord17

∂s =
1
2
(∂x − i∂y) (23)

(∂t + if) (u2 + iv2) = −e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
f△ΨLA+ i

2
△A

]

︸ ︷︷ ︸

"→0

+e+ift [· · · ] (24)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (25)

2

First, 𝝭=0:

A = eikx+imz−iσt , (33)

⇒ σ =
N2k2

2fm2
(34)

3 Gill’s problem

ℓv = 50m ℓh = 3× 105 m (35)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(36)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(37)

ℓv
ℓh

= 1.7× 10−4 (38)

N

f
= 50 (39)

⇒ Bu =

(
Nℓv
fℓh

)2

= 7× 10−5 (40)

ℓv
cv

=
1

fBu
, (41)

= 15000/f (42)

= 4.5 years (43)

104m (44)

t = 0 : u+ iv = LA = Ũ exp

(

−
z2

δ2

)

(45)

3

Then we recover the NIW 
dispersion relation.

YBJ at higher order

William R. Young ∗

July 31, 2019

1 Basic

The back-rotated velocity

ut − fv ≈ 0 (1)

vt + fu ≈ 0 (2)

⇒ (u + iv)t + if(u+ iv) ≈ 0 (3)

∂t
[

eift (u+ iv)
]

≈ 0 (4)

R =
Ũ

f
(5)

=
0.6MKS

10−4MKS
= 6km (6)

ω =

√

f2 +
N2k2

f2m2

NIW
⇒ ω ≈ f + 1

2

N2k2

fm2

︸ ︷︷ ︸

≪f

(7)

ω ≈ f + 1
2

N2k2

fm2
(8)

N

f
≫ 1 , but still

N2k2

f2m2
=

(
Nλv

fλh

)2

︸ ︷︷ ︸

Burger number

≪ 1 (9)

(u, v, w, p, b) ∝ eikx+imz−iωt (10)

∗Scripps Institution of Oceanography, University of California at San Diego, La Jolla, CA 92093–0230, USA.

1

Advection is intuitive.
the advection term

J(Ψ, LA) (40)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (41)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (42)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (43)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(44)

Ψ(x, y, z, t) = QG streamfunction , (45)

LA(x, y, z, t) = the back-rotated velocity (46)

Special solutions
∂tLA+ J(Ψ, LA) + i

2△Ψ LA
︸ ︷︷ ︸

”imprinting”

+ i
2f△A = 0 (47)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (48)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (49)

Dispersion: ∇p ⇒ i
2
f △A (50)

A = eikx+imz−iσt , (51)

⇒ σ =
N2k2

2fm2
(52)

3 Gill’s problem

ℓv = 50m ℓh = 3× 105 m (53)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(54)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(55)

ℓv
ℓh

= 1.7× 10−4 (56)

N

f
= 50 (57)

4

How about refraction term?

The advection term
J(Ψ, LA) (40)

The refraction term
i
2△Ψ LA (41)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (42)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (43)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (44)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(45)

Ψ(x, y, z, t) = QG streamfunction , (46)

LA(x, y, z, t) = the back-rotated velocity (47)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (48)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (49)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (50)

Dispersion: ∇p ⇒ i
2
f △A (51)

A = eikx+imz−iσt , (52)

⇒ σ =
N2k2

2fm2
(53)

3 Gill’s problem

ℓv = 50m ℓh = 3× 105 m (54)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(55)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(56)

ℓv
ℓh

= 1.7× 10−4 (57)

N

f
= 50 (58)

4



Refraction

The advection term
J(Ψ, LA) (40)

The refraction term
i
2△Ψ LA (41)

A special solution

U = −Ψy = −αy , V = Ψx = βy (42)

⇒ △Ψ = α+ β (43)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (44)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (45)

ut−αyux + βxux − (f + α)v+px = 0 , (46)

vt−αyvx + βxvx + (f + β)u+py = 0 . (47)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (48)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(49)

Ψ(x, y, z, t) = QG streamfunction , (50)

LA(x, y, z, t) = the back-rotated velocity (51)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (52)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (53)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (54)

Dispersion: ∇p ⇒ i
2
f △A (55)

A = eikx+imz−iσt , (56)

⇒ σ =
N2k2

2fm2
(57)

4

The advection term
J(Ψ, LA) (40)

The refraction term
i
2△Ψ LA (41)

A special solution

U = −Ψy = −αy , V = Ψx = βy (42)

⇒ △Ψ = α+ β (43)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (44)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (45)

A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (46)

vt−αyvx + βxvx + (f + β)u+py = 0 . (47)

ω =
√

(f + α)(f + β) ≈ f + 1
2 (α+ β) (48)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (49)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(50)

Ψ(x, y, z, t) = QG streamfunction , (51)

LA(x, y, z, t) = the back-rotated velocity (52)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (53)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (54)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (55)

Dispersion: ∇p ⇒ i
2
f △A (56)

A = eikx+imz−iσt , (57)

⇒ σ =
N2k2

2fm2
(58)

4

An elliptical eddy

The advection term
J(Ψ, LA) (40)

The refraction term
i
2△Ψ LA (41)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (42)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (43)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (44)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(45)

Ψ(x, y, z, t) = QG streamfunction , (46)

LA(x, y, z, t) = the back-rotated velocity (47)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (48)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (49)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (50)

Dispersion: ∇p ⇒ i
2
f △A (51)

A = eikx+imz−iσt , (52)

⇒ σ =
N2k2

2fm2
(53)

3 Gill’s problem

ℓv = 50m ℓh = 3× 105 m (54)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(55)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(56)

ℓv
ℓh

= 1.7× 10−4 (57)

N

f
= 50 (58)

4

A special solution:
a large scale  wave.

The frequency shift is:

The corresponding solution of the 
phase-averaged equation  is:

The advection term
J(Ψ, LA) (41)

The refraction term
i
2△Ψ LA (42)

A special solution

U = −Ψy = −αy , V = Ψx = βy (43)

⇒ △Ψ = α+ β (44)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (45)

∂tLA+J(Ψ, LA)+ i
2△Ψ LA+ i

2f△A = 0 (46)

⇒ u+ iv = exp
[

−ift− i
2
(α+ β)t

]

(47)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (48)

The effective inertial frequency
feff = f + 1

2
△Ψ (49)

A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (50)

vt−αyvx + βxvx + (f + β)u+py = 0 . (51)

ω =
√

(f + α)(f + β) ≈ f + 1
2 (α+ β) (52)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (53)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(54)

Ψ(x, y, z, t) = QG streamfunction , (55)

LA(x, y, z, t) = the back-rotated velocity (56)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (57)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (58)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (59)

Dispersion: ∇p ⇒ i
2
f △A (60)

A = eikx+imz−iσt , (61)

⇒ σ =
N2k2

2fm2
(62)

4

So the “effective inertial frequency is:

The advection term
J(Ψ, LA) (41)

The refraction term
i
2△Ψ LA (42)

A special solution

U = −Ψy = −αy , V = Ψx = βy (43)

⇒ △Ψ = α+ β (44)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (45)

∂tLA+J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (46)

⇒ u+ iv = exp
[

−ift− i
2
(α+ β)t

]

(47)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (48)

The effective inertial frequency
feff = f + 1

2
△Ψ (49)

A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (50)

vt−αyvx + βxvx + (f + β)u+py = 0 . (51)

ω =
√

(f + α)(f + β) ≈ f + 1
2 (α+ β) (52)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (53)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(54)

Ψ(x, y, z, t) = QG streamfunction , (55)

LA(x, y, z, t) = the back-rotated velocity (56)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (57)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (58)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (59)

Dispersion: ∇p ⇒ i
2
f △A (60)

A = eikx+imz−iσt , (61)

⇒ σ =
N2k2

2fm2
(62)

4

The advection term
J(Ψ, LA) (41)

The refraction term
i
2△Ψ LA (42)

A special solution

U = −Ψy = −αy , V = Ψx = βx (43)

⇒ △Ψ = α+ β (44)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (45)

∂tLA+J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (46)

⇒ u+ iv = exp
[

−ift− i
2
(α+ β)t

]

(47)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (48)

The effective inertial frequency
feff = f + 1

2
△Ψ (49)

A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (50)

vt−αyvx + βxvx + (f + β)u+py = 0 . (51)

ω =
√

(f + α)(f + β) ≈ f + 1
2 (α+ β) (52)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (53)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(54)

Ψ(x, y, z, t) = QG streamfunction , (55)

LA(x, y, z, t) = the back-rotated velocity (56)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

”imprinting”

+ i
2
f△A = 0 (57)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (58)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (59)

Dispersion: ∇p ⇒ i
2
f △A (60)

A = eikx+imz−iσt , (61)

⇒ σ =
N2k2

2fm2
(62)

4

(Small Rossby number)



The (flawed) 2D quantum analogy

A vertical plane wave solution:
4 Vertical plane wave model

A !→ eimzA(x, y, t) , (80)

L !→ −

(
mf

N

)2

= −m′2 (81)

6

4 Vertical plane wave model

A !→ eimzA(x, y, t) , (80)

L !→ −

(
mf

N

)2

= −m′2 (81)

At + J(Ψ, A) + i
2
△ΨA = i

2

f

m′2
︸︷︷︸

!

△A (82)

6

Negative vortices are analogous to 
potential wells. NIWs are trapped in 
negative vortices (and expelled from 

positive vortices).

In regions of negative vorticity the 
internal wave band is wider. 

Here is the QG system

Qt + J(Ψ, Q) = 0 (41)

Q = △Ψ+LΨ (42)

The Xie and Vanneste PV

Q = △Ψ+ LΨ+ 1
4f△|LA|2 + i

2f J(LA
∗, LA) (43)

The advection term
J(Ψ, LA) (44)

The refraction term
i
2△Ψ LA (45)

A special solution

U = −Ψy = −αy , V = Ψx = βx (46)

⇒ △Ψ = α+ β (47)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (48)

∂tLA+J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (49)

⇒ u+ iv = exp
[

−ift− i
2 (α+ β)t

]

(50)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (51)
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Action conservation

4 Vertical plane wave model

A !→ eimzA(x, y, t) , (80)

L !→ −

(
mf

N

)2

= −m′2 (81)

At + J(Ψ, A) + i
2
△ΨA = i

2

f

m′2
︸︷︷︸

!

△A (82)

Action conservation

LA∗
[

∂tLA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0

]

(83)

⇒ ∂t|LA|
2 +∇·F = 0 . (84)
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conservation law:
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Yes — this is consistent with Bretherton&Garrett!

(u+ iv)t + if(u+ iv) = −(px + ipy) (10)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (11)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (12) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (13)

pz + b = 0 , (14)

ux + vy + wz = 0 , (15)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (16)

ϵ2 = Bu = Ro (17)

∂t "→ ∂t + ϵ2∂t2 (18)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (19)

w0 = −
f2

N2Azs e
−ift + cc . , (20) leadord11

b0 = ifAzs e
−ift + cc . , (21)

p0 = ifAs e
−ift + cc . , (22) leadord17

∂s =
1
2
(∂x − i∂y) (23)

(∂t + if) (u2 + iv2) = −e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
f△ΨLA+ i

2
△A

]

︸ ︷︷ ︸

"→0

+e+ift [· · · ] (24)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (25)
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This concludes derivation and 
discussion of the NIW equation

Now let’s solve the NIW equation and explain how 
and why there can be significant vertical propagation 
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C

Gill’s problem

A storm impulsively forces a 
shallow layer of ocean.

But the NIW vertical 
group velocity is:

3 Gill’s problem

50m 1000km (31)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
⇒ cv ≈ −

N2k2

fm3
≈ −2

ω − f

m
(32)

ℓv
ℓh

=
k

m
=

50

106
= 5× 10−5 (33)

N

f
= 50 (34)

3
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The time for vertical transit 
through the surface  layer is:

The aspect ratio is too extreme, and therefore the radiation 
damping time scale is too long by a factor ~ 1000

3 Gill’s problem

50m = m−1 106m = k−1 (31)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(32)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(33)

ℓv
ℓh

=
k

m
=

50

106
= 5× 10−5 (34)

N

f
= 50 (35)

⇒ Bu =

(
Nℓv
fℓh

)2

= 6× 10−6 (36)

T =
1

cvm
=

2π

Bu
×

2π

f
, (37)

= 2.5× 104 ×
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(G
ill 1984) 



Four resolutions of Gill’s problem

NIWs might have small (10-100km) 
horizontal length scales because: 

(a) The atmospheric forcing has 
small (~100km) scales. 

(b) The mixed-layer depth is not 
uniform in the horizontal e.g., fronts.

(c) The  𝞫-effect reduces the initial 
1000km scale.

(d) Mesoscale eddies  “imprint” their 
length scales on the NIWs

4 O. Asselin and W.R. Young

Figure 3. Flow initial condition for the storm experiment. Left: normalized relative vorticity;
right: magnitude of the velocity; up: surface view; down: vertical profile of the top 500 meters.

Figure 4. Flow initial condition for the storm experiment. Left: normalized relative vorticity;
right: magnitude of the velocity; up: surface view; down: vertical profile.

3. Preliminary results: STORM5

Figure 3 displays the snapshots of the equilibrated eddy field used as an initial condition
for our storm experiment. The surface flow displays properties reminiscent of surface
quasi-geostrophic (SQG) turbulence, such as secondary roll-ups of filaments and a shallow
k�2
h kinetic energy spectrum, rapidly steepening and losing amplitude with increasing

depth.
The initial wave field is given by (2.4) with �w = 50 m, the red curve of the left panel

of figure 2. Simulations with three wave velocities were launched: u0 = 10, 20 and 40

The advection term
J(Ψ, LA) (41)

The refraction term
i
2△Ψ LA (42)

A special solution

U = −Ψy = −αy , V = Ψx = βx (43)

⇒ △Ψ = α+ β (44)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (45)

∂tLA+J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (46)

⇒ u+ iv = exp
[

−ift− i
2
(α+ β)t

]

(47)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (48)

The effective inertial frequency
feff = f + 1

2
△Ψ (49)

A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (50)

vt−αyvx + βxvx + (f + β)u+py = 0 . (51)

ω =
√

(f + α)(f + β) ≈ f + 1
2 (α+ β) (52)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (53)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(54)

Ψ(x, y, z, t) = QG streamfunction , (55)

LA(x, y, z, t) = the back-rotated velocity (56)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

“imprinting”

+ i
2
f△A = 0 (57)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (58)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (59)

Dispersion: ∇p ⇒ i
2
f △A (60)

A = eikx+imz−iσt , (61)

⇒ σ =
N2k2

2fm2
(62)

4



A numerical 
solution

The advection term
J(Ψ, LA) (41)

The refraction term
i
2△Ψ LA (42)

A special solution

U = −Ψy = −αy , V = Ψx = βx (43)

⇒ △Ψ = α+ β (44)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (45)

∂tLA+J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (46)

⇒ u+ iv = exp
[

−ift− i
2
(α+ β)t

]

(47)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (48)

The effective inertial frequency
feff = f + 1

2
△Ψ (49)

A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (50)

vt−αyvx + βxvx + (f + β)u+py = 0 . (51)

ω =
√

(f + α)(f + β) ≈ f + 1
2 (α+ β) (52)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (53)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(54)

Ψ(x, y, z, t) = QG streamfunction , (55)

LA(x, y, z, t) = the back-rotated velocity (56)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

“imprinting”

+ i
2
f△A = 0 (57)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (58)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (59)

Dispersion: ∇p ⇒ i
2
f △A (60)

A = eikx+imz−iσt , (61)

⇒ σ =
N2k2

2fm2
(62)

4

t=0: mature geostrophic turbulence

3 Gill’s problem

ℓv = 50m ℓh = 3× 105 m (63)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(64)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(65)

ℓv
ℓh

= 1.7× 10−4 (66)

(u, v) = e−z2/δ2(1, 0) (67)

N

f
= 50 (68)

⇒ Bu =

(
Nℓv
fℓh

)2

= 7× 10−5 (69)

ℓv
cv

=
1

fBu
, (70)

= 15000/f (71)

= 4.5 years (72)

104m (73)

t = 0 : u+ iv = LA = Ũ exp

(

−
z2

δ2

)

(74)

△Ψ (75)

u2 + v2 = |LA|2 (76)
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The quasigeostrophic approximation
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By 15 days there is no NIW 
energy left at the sea-surface!



A numerical 
solution
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Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

“imprinting”

+ i
2
f△A = 0 (57)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (58)

Refraction: u ·∇(U, V ) ⇒ i
2△Ψ LA (59)

Dispersion: ∇p ⇒ i
2
f △A (60)

A = eikx+imz−iσt , (61)

⇒ σ =
N2k2

2fm2
(62)

4

t=0: mature geostrophic turbulence

3 Gill’s problem

ℓv = 50m ℓh = 3× 105 m (63)

the vertical group velocity

ω ≈ f +
N2k2

2fm2
(64)

⇒ cv ≈ −
N2k2

fm3
≈ −Bu

f

m
(65)

ℓv
ℓh

= 1.7× 10−4 (66)

(u, v) = e−z2/δ2(1, 0) (67)

N

f
= 50 (68)

⇒ Bu =

(
Nℓv
fℓh

)2

= 7× 10−5 (69)

ℓv
cv

=
1

fBu
, (70)

= 15000/f (71)

= 4.5 years (72)

104m (73)

t = 0 : u+ iv = LA = Ũ exp

(

−
z2

δ2

)

(74)

△Ψ (75)

u2 + v2 = |LA|2 (76)
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4

By 15 days there is no NIW 
energy left at the sea-surface!
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FIG. 11. xz snapshots of the top 200-meter vorticity and WKE (top/bottom slice couples) at different times (going from left to right, top to
bottom). The value of y is such that it passes through the center of both strong positive and negative cores (seen at the top of say the vorticity plot
in the top left corner of figure 2)
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WKE is rapidly expelled from 
positive vortices and concentrated 

into negative vortices.

Then there is rapid downwards 
vertical propagation inside the 

negative vortices.

1 day

1 day

2 days

2 days
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Negative vortices are NIW wave guides,
or inertial drain pipes. Negative vortices are 

vertical conduits to the deep ocean.

What happened to the 
WKE?

Le
e 

& 
N

iile
r (

19
98

)



J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y 9

FIG. 11. xz snapshots of the top 200-meter vorticity and WKE (top/bottom slice couples) at different times (going from left to right, top to
bottom). The value of y is such that it passes through the center of both strong positive and negative cores (seen at the top of say the vorticity plot
in the top left corner of figure 2)

u2 + v2
<latexit sha1_base64="HLnTT6Mv/SuXqYQn300pokyS9I0=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoMgCGE3CuYY8OIxgnlAsgmzk9lkyOzsMtMbCEs+wosHRbz6Pd78GyePg4qCBQ1FVTfdXUEihUHX/XBya+sbm1v57cLO7t7+QfHwqGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN/M/daEayNidY/ThPsRHSoRCkbRSq20V7mY9Cr9YskruwuQv0kJVqj3i+/dQczSiCtkkhrT8dwE/YxqFEzyWaGbGp5QNqZD3rFU0YgbP1ucOyNnVhmQMNa2FJKF+nUio5Ex0yiwnRHFkfnpzcXfvE6KYdXPhEpS5IotF4WpJBiT+e9kIDRnKKeWUKaFvZWwEdWUoU2o8L8QmpWyd1mu3F2VatVVHHk4gVM4Bw+uoQa3UIcGMBjDAzzBs5M4j86L87pszTmrmWP4BuftE3G7jvM=</latexit>

u2 + v2
<latexit sha1_base64="HLnTT6Mv/SuXqYQn300pokyS9I0=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoMgCGE3CuYY8OIxgnlAsgmzk9lkyOzsMtMbCEs+wosHRbz6Pd78GyePg4qCBQ1FVTfdXUEihUHX/XBya+sbm1v57cLO7t7+QfHwqGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN/M/daEayNidY/ThPsRHSoRCkbRSq20V7mY9Cr9YskruwuQv0kJVqj3i+/dQczSiCtkkhrT8dwE/YxqFEzyWaGbGp5QNqZD3rFU0YgbP1ucOyNnVhmQMNa2FJKF+nUio5Ex0yiwnRHFkfnpzcXfvE6KYdXPhEpS5IotF4WpJBiT+e9kIDRnKKeWUKaFvZWwEdWUoU2o8L8QmpWyd1mu3F2VatVVHHk4gVM4Bw+uoQa3UIcGMBjDAzzBs5M4j86L87pszTmrmWP4BuftE3G7jvM=</latexit>

4 /f
<latexit sha1_base64="qiRTz5hf9oA1RAW94oj+BKxuXp4=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4qkkV7LHgxWMF+wFtKZvtpF262YTdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvSATXxvO+nY3Nre2d3cJecf/g8OjYPTlt6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB8P/dbE1Sax/LJTBPsRXQoecgZNVbqu27XKE7lUCDpJppfh3235JW9Bcg68XNSghz1vvvVHcQsjVAaJqjWHd9LTC+jynAmcFbsphoTysZ0iB1LJY1Q97LF5TNyaZUBCWNlSxqyUH9PZDTSehoFtjOiZqRXvbn4n9dJTVjtZVwmqUHJlovCVBATk3kMZMAVMiOmllCmuL2VsBFVlBkbVtGG4K++vE6albJ/U6483pZq1TyOApzDBVyBD3dQgweoQwMYTOAZXuHNyZwX5935WLZuOPnMGfyB8/kDL2iTVA==</latexit>

10 days

10 days

“Inertial drain pipes”

Negative vortices are 
vertical conduits that drain 
NIWs into the deep ocean.Le
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(I’m re-branding Lee & Niiler’s  “inertial 
chimneys” into “inertial drain pipes”.)



This concludes the discussion 
of Gill’s problem

What have I not talked about?



Do NIWs affect eddies? 
Is there energy transfer?

So far we have considered 
the NIWs as a dynamically 
passive (complex) scalar.

(u+ iv)t + if(u+ iv) = −(px + ipy) (11)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (12)

ut+ϵ2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (13) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (14)

pz + b = 0 , (15)

ux + vy + wz = 0 , (16)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (17)

ϵ2 = Bu = Ro (18)

∂t "→ ∂t + ϵ2∂t2 (19)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (20)

w0 = −
f2

N2Azs e
−ift + cc . , (21) leadord11

b0 = ifAzs e
−ift + cc . , (22)

p0 = ifAs e
−ift + cc . , (23) leadord17

∂s =
1
2
(∂x − i∂y) (24)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (25)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f △A

]

︸ ︷︷ ︸

"→0

(26)

△
def
= ∂2

x + ∂2
y , L

def
= ∂z

f2

N2 ∂z (27)

∂t2LA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (28)

∂tLA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (29)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (30)

Ψ(x, y, z, t) = QG streamfunction , (31)

LA(x, y, z, t) = the back-rotated velocity (32)

2

The QG approximation is 
used for the eddy field.

Here is the QG system

Qt + J(Ψ, Q) = 0 (40)

Q = △Ψ+LΨ (41)

The advection term
J(Ψ, LA) (42)

The refraction term
i
2△Ψ LA (43)

A special solution

U = −Ψy = −αy , V = Ψx = βx (44)

⇒ △Ψ = α+ β (45)

The imprinting term
∂tLA+J(Ψ, LA) + i

2△Ψ LA+ i
2f△A = 0 (46)

∂tLA+J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (47)

⇒ u+ iv = exp
[

−ift− i
2
(α+ β)t

]

(48)

f ≤ ωIGW =

√

N2k2 + f2m2

k2 +m2
≤ N (49)

The effective inertial frequency
feff = f + 1

2△Ψ (50)

A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (51)

vt−αyvx + βxvx + (f + β)u+py = 0 . (52)

ω =
√

(f + α)(f + β) ≈ f + 1
2
(α+ β) (53)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (54)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(55)

Ψ(x, y, z, t) = QG streamfunction , (56)

LA(x, y, z, t) = the back-rotated velocity (57)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

“imprinting”

+ i
2
f△A = 0 (58)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (59)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (60)

Dispersion: ∇p ⇒ i
2
f △A (61)

4

Xie & Vanneste (2015) have 
included the reaction of the NIWs 

back onto the QG eddies.

(u+ iv)t + if(u+ iv) = −(px + ipy) (18)

2 YBJ Derivation

[U, V,W,B, P ] = [−Ψy ,Ψx , 0 , fΨz , fΨ] (19)

ut+ϵ
2[ut2 +U ·∇u+ u ·∇U + px]− fv = 0 , (20) bouss

vt + ϵ2[vt2 +U ·∇u+ u ·∇V + py] + fu = 0 , (21)

pz + b = 0 , (22)

ux + vy + wz = 0 , (23)

bt + ϵ2[bt2 +U ·∇b+ u ·∇B] + wN2 = 0 . (24)

ϵ2 = Bu = Ro (25)

∂t "→ ∂t + ϵ2∂t2 (26)

u0 + iv0 =
(

f2

N2Az

)

z
e−ift , (27)

w0 = − f2

N2Azs e
−ift + cc . , (28) leadord11

b0 = ifAzs e
−ift + cc . , (29)

p0 = ifAs e
−ift + cc . , (30) leadord17

u+ iv = e−ift
LA (31)

∂s =
1
2
(∂x − i∂y) (32)

(∂t + if) (u2 + iv2) = e+ift [· · · ] (33)

− e−ift
[

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f △A
]

︸ ︷︷ ︸

"→0

(34)

Notation
i2 = −1 , △

def
= ∂2x + ∂2y , L

def
= ∂z

f2

N2 ∂z (35)

∂t2LA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0 (36)

∂tLA+ J(Ψ, LA) + i
2
△Ψ LA+ i

2
f△A = 0 (37)

NIW leading order
∂t(u+ iv) + f(u+ iv) ≈ 0 (38)

The imprinting term
∂tLA+J(Ψ, LA) + i

2
△Ψ LA+ i

2
f△A = 0 (39)

3

Recall the back-rotated velocity 
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A special exact solution

ut−αyux + βxux − (f + α)v+px = 0 , (51)

vt−αyvx + βxvx + (f + β)u+py = 0 . (52)

ω =
√

(f + α)(f + β) ≈ f + 1
2
(α+ β) (53)

The quasigeostrophic approximation

Qt + J(ψ, Q) = 0 (54)

Q = Ψxx +Ψyy +
(

f2

N2Ψz

)

z
(55)

Ψ(x, y, z, t) = QG streamfunction , (56)

LA(x, y, z, t) = the back-rotated velocity (57)

Special solutions
∂tLA+ J(Ψ, LA) + i

2
△Ψ LA

︸ ︷︷ ︸

“imprinting”

+ i
2
f△A = 0 (58)

Advection: U ·∇(u, v) ⇒ J(Ψ, LA) (59)

Refraction: u ·∇(U, V ) ⇒ i
2
△Ψ LA (60)

Dispersion: ∇p ⇒ i
2
f △A (61)
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Xie & Vanneste (2015) have 
included the reaction of the NIWs 

back onto the QG eddies.

(u+ iv)t + if(u+ iv) = −(px + ipy) (18)

2 YBJ Derivation
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ϵ2 = Bu = Ro (25)

∂t "→ ∂t + ϵ2∂t2 (26)
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f2

N2Az

)

z
e−ift , (27)

w0 = − f2

N2Azs e
−ift + cc . , (28) leadord11

b0 = ifAzs e
−ift + cc . , (29)

p0 = ifAs e
−ift + cc . , (30) leadord17

u+ iv = e−ift
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∂s =
1
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(∂x − i∂y) (32)
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− e−ift
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2f △A
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Notation
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The imprinting term
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2
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Do NIWs affect eddies? 
Is there energy transfer?
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the NIWs as a dynamically 
passive (complex) scalar.
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A special case: The vertical plane wave  model

qt + J( , q) = 0
<latexit sha1_base64="mtTdwp0hp/yqpw87Dmf5DJxRdaA=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCRAm7UdCLEPQiniKYByTLMjuZTYbMPjIzK4Ylv+LFgyJe/RFv/o2TZA8aLWgoqrrp7vJizqSyrC8jt7S8srqWXy9sbG5t75i7xaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhtecPrqd96oEKyKLxX45g6Ae6HzGcEKy25ZnHkKnSMbsvdWLKT0RG6tFyzZFWsGdBfYmekBBnqrvnZ7UUkCWioCMdSdmwrVk6KhWKE00mhm0gaYzLEfdrRNMQBlU46u32CDrXSQ34kdIUKzdSfEykOpBwHnu4MsBrIRW8q/ud1EuVfOCkL40TRkMwX+QlHKkLTIFCPCUoUH2uCiWD6VkQGWGCidFwFHYK9+PJf0qxW7NNK9e6sVLvK4sjDPhxAGWw4hxrcQB0aQOARnuAFXo2J8Wy8Ge/z1pyRzezBLxgf3wtbkn8=</latexit>

PV conservation

q = 4 + 1
4f4|�|2 + i

2f J(�
⇤,�)

<latexit sha1_base64="RLCsIg0XGHUbBGc0d+655xkzAe0="></latexit>

The NIW equation is now: 
(2D quantum analogy again)

The PV is:

u+ iv = ei(mz�ft)��  
y

+ i 
x

<latexit sha1_base64="HmvC/NgCB0Vow3c7NwZ1tv7bNM8="></latexit>

This is the simplest system exhibiting the interaction 
between geostrophic turbulence and NIWs.

�t + J( ,�) + i4 
2 � = i⌘

2 4�
<latexit sha1_base64="UiFC9rSx4ORdAr92fdFv+1o4omw="></latexit>

The vertical plane wave simplification:
(very similar to the shallow-water model) 

sea-surface u2 + v2 = |LA|2 (80)

z = 0m z = −200m

Wave kinetic energy
WKE = 1

2

(

u2 + v2
)

(81)

4 Vertical plane wave model

A "→ eimzA(x, y, t) , (82)

L "→ −

(
mf

N

)2

= −m′2 (83)

|LA|2 = u2 + v2 (84)

At + J(Ψ, A) + i
2
△ΨA = i

2

f

m′2
︸︷︷︸

!

△A (85)

Action conservation

LA∗
[

∂tLA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0
]

(86)

⇒ ∂t|LA|
2 +∇·F = 0 . (87)

Action =
energy

intrinsic frequency
NIW
"→

u2 + v2

2f
(88)

5 Vertical plane wave model

L "→

(
fm

N

)2

(89)

Stimulated loss of balance
〈
1
2
|∇ψ|2

〉

︸ ︷︷ ︸

eddy KE

+
〈
1
2
λ2|∇φ|2

〉

︸ ︷︷ ︸

NIW PE

= constant (90)
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Why can be be done with this model, 
other than numerical solution?

qt + J( , q) = 0
<latexit sha1_base64="mtTdwp0hp/yqpw87Dmf5DJxRdaA=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQxCRAm7UdCLEPQiniKYByTLMjuZTYbMPjIzK4Ylv+LFgyJe/RFv/o2TZA8aLWgoqrrp7vJizqSyrC8jt7S8srqWXy9sbG5t75i7xaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhtecPrqd96oEKyKLxX45g6Ae6HzGcEKy25ZnHkKnSMbsvdWLKT0RG6tFyzZFWsGdBfYmekBBnqrvnZ7UUkCWioCMdSdmwrVk6KhWKE00mhm0gaYzLEfdrRNMQBlU46u32CDrXSQ34kdIUKzdSfEykOpBwHnu4MsBrIRW8q/ud1EuVfOCkL40TRkMwX+QlHKkLTIFCPCUoUH2uCiWD6VkQGWGCidFwFHYK9+PJf0qxW7NNK9e6sVLvK4sjDPhxAGWw4hxrcQB0aQOARnuAFXo2J8Wy8Ge/z1pyRzezBLxgf3wtbkn8=</latexit>

�t + J( ,�) + i4 
2 � = i⌘

2 4�
<latexit sha1_base64="UiFC9rSx4ORdAr92fdFv+1o4omw="></latexit>

q = 4 + 1
4f4|�|2 + i

2f J(�
⇤,�)

<latexit sha1_base64="RLCsIg0XGHUbBGc0d+655xkzAe0="></latexit>
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Two conservation laws

d

dt
h 12 |�|

2i = 0
<latexit sha1_base64="tDcViIFOHNMXxHACJSLefgS6ZAo="></latexit>

Wave action, equivalently 
NIW kinetic energy is still 

conserved. 

But “coupled energy” 
is also conserved.

NIW PE

NIW KE

u+ iv = ei(mz�ft)��  
y

+ i 
x

) u2 + v2 = |r |2 + |�|2
<latexit sha1_base64="cdzI1YOwMA/ukKra2dPYsBsdq7A="></latexit>

d

dt
h 12 |r |2 + 1

4�
2|r�|2i = 0

<latexit sha1_base64="MiLrWVMNDl0NGSoJ5C2cpgfIdHw="></latexit>
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Stimulated Loss of Balance 
also known as SLoB

 If NIW PE increases, then eddy KE must decrease.
This is stimulated transfer of eddy KE to NIWs.

(There is also spontaneous transfer.)

And here are two good reasons 
for NIW PE to increase.

�t + J( ,�) + i4 
2 � = i⌘

2 4�
<latexit sha1_base64="UiFC9rSx4ORdAr92fdFv+1o4omw="></latexit>

1. advection 2. refraction

sea-surface u2 + v2 = |LA|2 (80)

z = 0m z = −200m

Wave kinetic energy
WKE = 1

2

(

u2 + v2
)

(81)

4 Vertical plane wave model

A "→ eimzA(x, y, t) , (82)

L "→ −

(
mf

N

)2

= −m′2 (83)

|LA|2 = u2 + v2 (84)

At + J(Ψ, A) + i
2
△ΨA = i

2

f

m′2
︸︷︷︸

!

△A (85)

Action conservation

LA∗
[

∂tLA+ J(Ψ, LA) + i
2△Ψ LA+ i

2f△A = 0
]

(86)

⇒ ∂t|LA|
2 +∇·F = 0 . (87)

Action =
energy

intrinsic frequency
NIW
"→

u2 + v2

2f
(88)

Stimulated loss of balance
〈
1
2 |∇ψ|2

〉

︸ ︷︷ ︸

eddy KE

+
〈
1
2λ

2|∇φ|2
〉

︸ ︷︷ ︸

NIW PE

= constant (89)
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t=0: (u,v)= mature 2D turbulence + a spatially uniform NIW

p
ũ2 + ṽ2 = |�|

<latexit sha1_base64="Gkqm5RZNXlKb3cJsPUkuiCdtYjk="></latexit>

NIW buoyancy / r�
<latexit sha1_base64="5DS+dyuEeI8jpp4KH/ySusK/k3U="></latexit>

A solution of the single-wave model

q = 4 + 1
4f4|�|2 + i

2f J(�
⇤,�)

<latexit sha1_base64="sGDdjyI/Vqnu8MmDBoDij3a+4Jo="></latexit>

𝟇 develops small-scale structure: SLoB works.
But SLoB is much slower than et

In other words, 𝟇 does not cascade to high wavenumber.
Conclusion:  SLoB is slow.
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t=0: (u,v)= mature 2D turbulence + a spatially uniform NIW

p
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A solution of the single-wave model

q = 4 + 1
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2f J(�
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Q: Why is SLoB slow?
A: Wave escape.

�t + J( ,�) + i4 
2 � = i⌘

2 4� = 0
<latexit sha1_base64="w9H0eAw2lfWX7ITh4RVqZ7OZ46A="></latexit>

✓t + J( , ✓) = 4✓
<latexit sha1_base64="785akats5wymFOIx6iAQOHFrBWA=">AAACG3icbVBNaxsxFNQmaZI6TbJNj72ImoBLg9l1AvUlYOil9ORA/QFeY97Kz7awViuktwFj8j9yyV/JpYeW0lOhh/6byPYe2iQDgmFmHk9vUqOkoyj6G2xt77zY3dt/WTl4dXh0HL4+6bq8sAI7Ile57afgUEmNHZKksG8sQpYq7KXzTyu/d43WyVx/pYXBYQZTLSdSAHlpFDYSmiHBiPgH/qWWGCfPNsp7fpnMwRjgCVkJeqqQl9mwGtWjNfhTEpekykq0R+HvZJyLIkNNQoFzgzgyNFyCJSkU3lSSwqEBMYcpDjzVkKEbLte33fBTr4z5JLf+aeJr9d+JJWTOLbLUJzOgmXvsrcTnvEFBk+ZwKbUpCLXYLJoUilPOV0XxsbQoSC08AWGl/ysXM7AgyNdZ8SXEj09+SrqNenxeb1xdVFvNso599pa9YzUWs4+sxT6zNuswwW7ZPfvOfgR3wbfgZ/BrE90Kypk37D8Efx4ATCigVA==</latexit>

If 𝞩𝞥 increases, then so does the group velocity and 
thus waves accelerate out of straining regions. 

Passive Scalar NIWs
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thus waves accelerate out of straining regions. 
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Q: Why is SLoB slow?
A: Wave escape.

�t + J( ,�) + i4 
2 � = i⌘
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If 𝞩𝞥 increases, then so does the group velocity and 
thus waves accelerate out of straining regions. 
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Stimulated generation 439
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FIGURE 11. (Colour online) A comparison of passive-scalar and wave solutions (} ⇡
0.09) with same initial conditions (the wave kinetic energy is equal to the passive-scalar
variance) and the same small-scale dissipation. (a) Initial condition of wave back-rotated
zonal velocity and of the passive scalar. (b) Wave back-rotated zonal velocity at t ⇥ Ueke
= 10. (c) Passive-scalar concentration at t ⇥ Ueke = 10. (d) Variance of wave velocity or
passive-scalar variance. (e) Variance of wave velocity gradient or passive scalar. In (d) and
(e), the diagnostics are normalized by their initial values.

solution discussed above. Figure 11(a–c) shows that the behaviour of the wave packet
is qualitatively different from that of a passive scalar in the same flow: the passive
scalar is stretched out along the separatrices while the wave packet escapes into
the vortex centres. Thus the passive-scalar packet is strained and quickly diffused
into oblivion. On the other hand, the waves are strained just so much, resulting in
acceleration and escape from the straining region; the waves finally concentrate in the
regions with non-zero vorticity, i.e. in the regions where the Okubo–Weiss criterion
indicates no exponential stretching.

On the bottom row, figure 11(d) shows that while wave action /|�|2 is nearly
conserved, the analogous passive-scalar variance is strongly dissipated. Figure 11(e)
shows that the variance of the passive-scalar gradient at first increases exponentially
due to straining and then decays due to diffusion. On the other hand, the potential
energy of the waves /|r�|2 increases slowly and then oscillates around an
equilibrium level. The wave-escape phenomenology in the turbulence solutions of
§ 4 qualitatively resembles that seen in this simple flow. In particular, the wave
potential energy does not reach the dissipative scale (figure 9c).

6. The Eulerian-mean viewpoint

In § 3 we developed conservation laws for A, P and K based on the Lagrangian-
mean streamfunction  and the back-rotated velocity �. Material conservation
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versus �t + J( ,�) + i4 
2 � = i⌘

2 4�
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Sydney Harris

SLoB is slow.
 𝞩𝞥 does not increase 
exponentially with time.

NIWs  resist straining by 
the eddy velocity.

This is wave escape 
powered by  dispersion. 

The energetics of SLoB is 
confusing  e.g., Reynolds 
stresses produce NIW PE. 
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THE END
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