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An experiment: mixing a stable salt gradient

“buoyancy’’
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Park, Whitehead & Gnanadeskian (1994)
Also Ruddick, McDougall & Turner (1989)

Rehmann & Koseff (2004a,b) 
Linden (1978), Holford & Linden (1997)

With molecular diffusion, 
the mixing time is:

With stirring, the experiment 
lasts a few hours.

Start with a strongly 
stable density gradient:
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Strong stirring, PWG94
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Weakly stratified: turbulent mixing looks like accelerated molecular diffusion.



Moderate stirring PWG94: layer formation
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Moderately stratified: turbulent mixing amplifies buoyancy gradients.



Weak stirring PWG94: the interior regime
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Strongly stratified: steps and layers everywhere....



Steps & layers in the ocean

A thermohaline 
staircase 500km 
East of Barbados

WHOI Ocean Mixing Group
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“Is strongly stratified turbulence stable?’’
(Phillips 1972, Posmentier 1977)

No, not if stable buoyancy gradients suppress mixing: the turbulent 
flow spontaneously becomes spatially inhomogeneous.

Conservation of mean buoyancy:

molecular

diffusion

negative
diffusioned

dy
di

ffu
sio

n

flu
x,

  f

gradient,  bz
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The linear instability of Phillips & Posmentier
P&P explain the onset of layering as a negative-diffusion instability:
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Problems with the P & P model

(1) There is no mechanism to arrest interface steepening.

(2) The problem is ill-posed: there is no high wavenumber cut-off.
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Beyond the linear instability?

To explain the experiments we need a more elaborate model (BLSY1998):
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Conservation of energy:
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Linear stability of the 
spatially uniform solution
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Mergers in the interior maintain constant flux 

If the flux is slightly 
non-uniform then the 
steps slowly migrate, 
leading to layer merger.
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1 Introduction

ρ = ρ0

[

1 − g−1b
]

,

b = g [α(T − T0) + β(S − S0)] .

ρ = ρ0

[

1 − g−1b
]

, with b = g [α(T − T0) + β(S − S0)] .

ρ = ρ0

[

1 − g−1b
]

b = gβ(S − S0)

t bz z

b = N2z bt = f(bz)z

bt =
∂f

∂z
= f ′(bz)bzz , f = −w′b′ + κbz

f = −w′b′ + κbz

t = 0 : b = N2z

zedge ∝ t1/2

1

tdiff =
H2

κ
≈ 5 years

b̄t =
∂f

∂z
= f ′(b̄z)b̄zz ,

f = −w′b′ + κbz .

f = #e1/2bz

bt = fz and b = N2z + b̂z ⇒ b̂t = f ′
(

N2
)

b̂zz

bz f flux gradient molecular diffusion

bt = (#e1/2bz)z et = β(#e1/2ez)z − #e1/2bz − α#−1e3/2 + P

d

dt

∫ H

0

e − zb dz =

∫ H

0

P − α#−1e3/2 dz

1

#2
=

1

D2
+ γ

bz

e

e(z, t) = TKE and b(z, t) = mean buoyancy

Constant force

2

tdiff =
H2

κ
≈ 5 years

b̄t =
∂f

∂z
= f ′(b̄z)b̄zz ,

f = −w′b′ + κbz .

f = #e1/2bz

bt = fz and b = N2z + b̂z ⇒ b̂t = f ′
(

N2
)

b̂zz

bz f flux gradient molecular diffusion

bt = (#e1/2bz)z et = β(#e1/2ez)z − #e1/2bz − α#−1e3/2 + P

d

dt

∫ H

0

e − zb dz =

∫ H

0

P − α#−1e3/2 dz

1

#2
=

1

D2
+ γ

bz

e

e(z, t) = TKE and b(z, t) = mean buoyancy

Constant force

2

This merger process keeps the interior flux close 
to constant (and we can calculate the constant).



General lessons?
At the bottom of the banana 
the system can be reduced 
via an amplitude expansion. 
The critical point is:

tdiff =
H2

κ
≈ 5 years

b̄t =
∂f

∂z
= f ′(b̄z)b̄zz ,

f = −w′b′ + κbz .

f = #e1/2bz

At =
[

±A − Azz ± A2 + A3
]

zz

bt = fz and b = N2z + b̂z ⇒ b̂t = f ′
(

N2
)

b̂zz

bz f flux gradient molecular diffusion

bt = (#e1/2bz)z et = β(#e1/2ez)z − #e1/2bz − α#−1e3/2 + P

d

dt

∫ H

0

e − zb dz =

∫ H

0

P − α#−1e3/2 dz

1

#2
=

1

D2
+ γ

bz

e

e(z, t) = TKE and b(z, t) = mean buoyancy

2

and leads to the Cahn-Hilliard equation: 

The CH equation - derived by CH from thermodynamic arguments -  is the 
simplest complete description of negative diffusion (and negative viscosity).....  
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(α
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1
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D =
df

dg

Initial

Final

(un, vn) = (−ψny, ψnx) , ψn ∝ pn

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J(ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J(ψ2, q2) = −κ∇2ψ2 − ν∇8q2 .

qn = ψxx + ψyy + 1
2
λ−2(−)n (ψ1 − ψ2)

g = g0 + g1e
st+imz

e = e0 + e1e
st+imz

g0

5

D =
df

dg

Initial

Final

(un, vn) = (−ψny, ψnx) , ψn ∝ pn

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J(ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J(ψ2, q2) = −κ∇2ψ2 − ν∇8q2 .

qn = ψxx + ψyy + 1
2
λ−2(−)n (ψ1 − ψ2)

g = g0 + g1e
st+imz

e = e0 + e1e
st+imz

g0

r! = 7 + 4
√

3 , g0! =
1
√

3
−

1

2

5

r = r! + ε2r2 g = g0! + ε [g1 + A(z, t)] + O(ε2)

bt = fz and b = N2z + b̂z ⇒ b̂t = f ′
(

N2
)

b̂zz

r2 ≶ 0

bz f flux gradient molecular diffusion

bt = ("e1/2bz)z et = β("e1/2ez)z − "e1/2bz − α"−1e3/2 + P

d

dt

∫ H

0

e − zb dz =

∫ H

0

P − α"−1e3/2 dz

1

"2
=

1

D2
+ γ

bz

e

e(z, t) = TKE and b(z, t) = mean buoyancy

Constant force

Constant power

Equipartition

r ≡ (αγ)−1

3

The expansion begins like this:

negative diffusion



← zonal (“east-west”) →

Negative viscosity: the 
prime example is zonal 
flows in the ocean and 

atmosphere.

In a thin spherical layer 
only the local-vertical 
component of Ω is 

important (the βeffect).

→

Ω→

ρ1 ρ2

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

ūt = −1
2
(ka)2tūyy − κū

ū(y, t)

2Ωvert = 2Ω × sin θ ≈ 2Ω sin θ0
︸ ︷︷ ︸

f0

+ 2ΩR−1 cos θ0 × R(θ − θ0)
︸ ︷︷ ︸

β×y

7

θ

vertical

This is a fluid “stratified’’ 
by vertical vorticity



Stratified turbulence in a rapidly 
rotating β-plane fluid

Geostrophic balance:

∇2ψt + Rc(1 + ε2) sin x
(

∇2ψ + ψ
)

y
+ J(ψ,∇2ψ) + βψx = ∇4ψ − κ∇2ψ

ψ = A(εy, ε4t
︸ ︷︷ ︸

Y & T

) + ε sin xRcAY + O(ε)2

A(Y, T ) U ≡ −AY

UT = −µU −
[

(2 − β2)U + 3UY Y + 2βU2 − 2
3
U3

]

Y Y

U(Y, T )

UT = − 1
100

U −
[

U + 3UY Y + 2U2 − 2
3
U3

]

Y Y

β = 1

U(Y, T ) Y

U2λ−2〈ψxτ〉 ≈ κ〈|∇ψ2|2〉 where 〈〉 = average over x, y and t

ρ1 ρ2

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

6

Available Potential Energy in 
the tilted interface is released 
by baroclinic instability. 

+U

x

y

Ω

ρ2u2,
–U

ρ1 g'u1,

bottom drag 
dissipates energy

ρ1 ρ2

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

ūt = −1
2
(ka)2tūyy − κū

ū(y, t)

2Ωvert = 2Ω × sin θ ≈ 2Ω sin θ0
︸ ︷︷ ︸

f0

+ 2ΩR−1 cos θ0 × R(θ − θ0)
︸ ︷︷ ︸

β×y

7

ocean



ψ = 1
2
(ψ1 + ψ2) = barotropic mode

τ = 1
2
(ψ1 − ψ2) = baroclinic mode

ψ ≡ 1
2
(ψ1 + ψ2) , τ = 1

2
(ψ1 − ψ2)

∇2ψt + J(ψ,∇2ψ) + βψx = F (x, y, t) − κ∇2ψ + ν∇4ψ

A The two-mode equations of motion

The derivation of the modal equations used in our study is based on Flierl

(1978), and also includes forcing terms that arise when there is a mean shear

in the basic state as discussed in Hua & Haidvogel (1986). Our equations

differ from Hua & Haidvogel only in the form of the hyperviscous term, which

is used to absorb enstrophy cascading to the highest wavenumbers. The main

difference between the modal decomposition used here and the method used

by Larichev and Held (1995) appears in the coefficients of the bottom drag

term as shown below.

The continuous quasi-geostrophic equations are written as

∂

∂t
Q + J(Ψ, Q) = −ν∇8Q . (7)

Here J represents the Jacobian, J(a, b) ≡ axby−aybx, Ψ is the streamfunction

such that u = −Ψy and v = Ψx, and

Q = ∇2Ψ + (f/N)2 Ψzz , (8)

4

The barotropic mode The baroclinic mode (“heat”).

The release of APE by baroclinic eddies is proportional to the heat flux, and 
also to the supply the mechanical energy required to balance bottom friction.

ρ

z

f/g

Density flux

Convergence

Divergence

et = · · · +
e1/2

"

(

U2 − e
)

D =
df

dg

Initial

Final

(un, vn) = (−ψny, ψnx) , ψn ∝ pn

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J(ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J(ψ2, q2) = −κ∇2ψ2 − ν∇8q2 .

4

The quasigeostrophic approximation

From the above, we obtain the energy equation:

∇2ψt + Rc(1 + ε2) sin x
(

∇2ψ + ψ
)

y
+ J(ψ,∇2ψ) + βψx = ∇4ψ − κ∇2ψ

ψ = A(εy, ε4t
︸ ︷︷ ︸

Y & T

) + ε sin xRcAY + O(ε)2

A(Y, T ) U ≡ −AY

UT = −µU −
[

(2 − β2)U + 3UY Y + 2βU2 − 2
3
U3

]

Y Y

U(Y, T )

UT = − 1
100

U −
[

U + 3UY Y + 2U2 − 2
3
U3

]

Y Y

β = 1

U(Y, T ) Y

U2λ−2〈ψxτ〉 ≈ κ〈|∇ψ2|2〉 where 〈〉 = average over x, y and t

6

bottom dragheat flux

Above:

Potential Vorticity:

UT = −µU −
[

(2 − β2)U + 3UY Y + 2βU2 − 2
3
U3

]

Y Y

U(Y, T )

UT = − 1
100

U −
[

U + 3UY Y + 2U2 − 2
3
U3

]

Y Y

β = 1

U(Y, T ) Y

(un, vn) = (−ψny, ψnx) , ψn ∝ pn

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J(ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J(ψ2, q2) = −κ∇2ψ2 − ν∇8q2 .

qn = ψnxx + ψnyy + 1
2
λ−2(−)n (ψ1 − ψ2)

U2λ−2〈ψxτ〉 ≈ κ〈|∇ψ2|2〉 where 〈〉 = average over x, y and t

ρ1 ρ2

6



Spin-up: growth of 
linearly unstable 

disturbances

Upper layer PV

Barotropic zonally-averaged zonal 
flow: a negative-viscosity instability.

The most unstable linear 
disturbance is:

Exponential growth is stopped 
by a secondary instability.

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

7

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

7

ρ1 ρ2

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

ūt = −1
2
(ka)2tūyy − κū

ū(y, t)

2Ωvert = 2Ω × sin θ ≈ 2Ω sin θ0
︸ ︷︷ ︸

f0

+ 2ΩR−1 cos θ0 × R(θ − θ0)
︸ ︷︷ ︸

β×y

v′

1q
′

1 + v′

2q
′

2 =
(

u′

1v
′

1 + u′

2v
′

2

)

y
⇒

∫

v′

1q
′

1 + v′

2q
′

2 dy = 0

v′

1q
′

1 = −D1q̄1y v′

2q
′

2 = −D2q̄2y , Dn =
√

e' ?

ū(y, t) ∼ 10U

ū(y, t) ≡ L−1

∮

u(x, y, t) dx

7
L=50π×λ



Statistically steady  
turbulence 

Upper layer PV

(Williams 1979,  Panetta 1993)

Barotropic zonal 
mean flow

ρ1 ρ2

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

ūt = −1
2
(ka)2tūyy − κū

ū(y, t)

2Ωvert = 2Ω × sin θ ≈ 2Ω sin θ0
︸ ︷︷ ︸

f0

+ 2ΩR−1 cos θ0 × R(θ − θ0)
︸ ︷︷ ︸

β×y

v′

1q
′

1 + v′

2q
′

2 =
(

u′

1v
′

1 + u′

2v
′

2

)

y
⇒

∫

v′

1q
′

1 + v′

2q
′

2 dy = 0

v′

1q
′

1 = −D1q̄1y v′

2q
′

2 = −D2q̄2y , Dn =
√

e' ?

ū(y, t) ∼ 10U

7

L=50π×λ



uy < 0

v′u′ < 0

uy > 0

v′u′ > 0

Physical basis of 
negative viscosity 

!Rhines =

√

U

β

ū(y, t) ūt +
(

u′v′

)

y
= bottom drag

u′v′ > 0 u′v′ = 0 u′v′ < 0

u′v′ ∼ +1
2
(ka)2tūy

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J (ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J (ψ2, q2) = −ν∇8q2 − κ∇2ψ2 ,

qn = ∇2ψn + 1
2
(−)nλ−2(ψ1 − ψ2) (un, vn) = (−ψny, ψnx).

+U − U g′ H

f0 × 2U = g′ × interface slope

λ =
√

g′H/f0 ∼ 10 − 50 kilometers

∇PV1 = β + λ−2U > 0

∇PV2 = β − λ−2U < 0

2

!Rhines =

√

U

β

ū(y, t) ūt +
(

u′v′

)

y
= bottom drag

u′v′ > 0 u′v′ = 0 u′v′ < 0

u′v′ ∼ +1
2
(ka)2tūy

ψ′ = a cos [k (x − ū(y)t)]

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J (ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J (ψ2, q2) = −ν∇8q2 − κ∇2ψ2 ,

qn = ∇2ψn + 1
2
(−)nλ−2(ψ1 − ψ2) (un, vn) = (−ψny, ψnx).

+U − U g′ H

f0 × 2U = g′ × interface slope

λ =
√

g′H/f0 ∼ 10 − 50 kilometers

∇PV1 = β + λ−2U > 0

2

1 Introduction

uJ ∼ β"2
J ⇒

〈ū2〉
U2

∼ β2
∗

(
"J

λ

)4

"Rhines =

√

U

β

βλ2

U
=

1

2

κλ2

U
=

1

50

ū(y, t) ūt +
(

u′v′

)

y
= −κū

"R ≡
√

U/β

u′v′ > 0 u′v′ = 0 u′v′ < 0

u′v′ ∼ +1
2
(ka)2tūy

λ =

√
2g′H

f0

( L

ψ′ = a cos [k (x − ū(y)t)]

1

(Starr 1968, Sivashinsky 1985, Manfroi & Young 1999)

Weak zonal distortion of the 
elevator mode un-mixes 

momentum and so maintains 
the jets against bottom drag.

ρ1 ρ2

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

ūt = −1
2
(ka)2tūyy − κū

7

ρ1 ρ2

(u1, v1) =

(

−
∂ψ1

∂y
,
∂ψ1

∂x

)

ψ1 ∝ pressure in layer 1

λ =

√
2g′H

f0

∼ 10 to 40 km

ψn ∝ exp [ikx(x − ct)]

ky = 0 ⇒ J(ψ,∇2ψ) = 0

ūt = −1
2
(ka)2tūyy − κū

ū(y, t)

7

jump to CH



The Kolmogorov problem

An illustrative model of negative viscosity is the stability of:

D =
df

dg

Initial

Final

(un, vn) = (−ψny, ψnx) , ψn ∝ pn

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J(ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J(ψ2, q2) = −κ∇2ψ2 − ν∇8q2 .

qn = ψxx + ψyy + 1
2
λ−2(−)n (ψ1 − ψ2)

g = g0 + g1e
st+imz

e = e0 + e1e
st+imz

g0

r! = 7 + 4
√

3 , g0! =
1
√

3
−

1

2

Ψ = −Ψmax cos kx , V = Ψx = kΨmax sin kx

∇2ψt + R sin x
(

∇2ψ + ψ
)

y
+ J(ψ,∇2ψ) + βψx = ∇4ψ − κ∇2ψ

5

This flow is unstable (in d=2) if:

D =
df

dg

Initial

Final

(un, vn) = (−ψny, ψnx) , ψn ∝ pn

q1t + Uq1x +
(

β + λ−2U
)

ψ1x + J(ψ1, q1) = −ν∇8q1 ,

q2t − Uq2x +
(

β − λ−2U
)

ψ2x + J(ψ2, q2) = −κ∇2ψ2 − ν∇8q2 .

qn = ψxx + ψyy + 1
2
λ−2(−)n (ψ1 − ψ2)

g = g0 + g1e
st+imz

e = e0 + e1e
st+imz

g0

r! = 7 + 4
√

3 , g0! =
1
√

3
−

1

2

Ψ = −Ψmax cos kx , V = Ψx = kΨmax sin kx

R ≡
Ψmax

ν
> Rc =

√
2

5

∇2ψt + Rc(1 + ε2) sin x
(

∇2ψ + ψ
)

y
+ J(ψ,∇2ψ) + βψx = ∇4ψ − κ∇2ψ

6

The 2D Navier-Stokes equation is:

(Meshalkin & Sinai 1961) 

differential rotation 
and bottom drag



∇2ψt + Rc(1 + ε2) sin x
(

∇2ψ + ψ
)

y
+ J(ψ,∇2ψ) + βψx = ∇4ψ − κ∇2ψ

6

∇2ψt + Rc(1 + ε2) sin x
(

∇2ψ + ψ
)

y
+ J(ψ,∇2ψ) + βψx = ∇4ψ − κ∇2ψ

ψ = A(εy, ε4t
︸ ︷︷ ︸

Y & T

) + ε sin xRcAY + O(ε)2

6

The weakly nonlinear expansion of:

Again we obtain the Cahn-Hilliard equation:  

∇2ψt + Rc(1 + ε2) sin x
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Negative 
viscosity

Symmetry
 breaking

(Sivashinsky 1985, Manfroi & Young 1999).

The Kolmogorov problem - continued

starts like this:

Bottom drag

Notation:

The Taylor-Prandtl debate: mix momentum or vorticity?
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Negative 
viscosity

Symmetry
 breaking

(Sivashinsky 1985, Manfroi & Young 1999).

The Kolmogorov problem - continued

starts like this:

Bottom drag

Notation:

The Taylor-Prandtl debate: mix momentum or vorticity?
One point to Prandtl for the weakly nonlinear case above.



!2 0 2 4
0

20

40

60

80

100
t=100

 !

 U

!2 0 2 4
0

20

40

60

80

100
t=250

 !

 U

!2 0 2 4
0

20

40

60

80

100
t=500

 !

 U
UW UE

!2 0 2 4
0

20

40

60

80

100
t=650

 !

 U

!2 0 2 4
0

20

40

60

80

100
t=1000

 !

 U

!2 0 2 4
0

20

40

60

80

100
t=2000

 !

 U
UW UE

∇2ψt + Rc(1 + ε2) sin x
(

∇2ψ + ψ
)

y
+ J(ψ,∇2ψ) + βψx = ∇4ψ − κ∇2ψ

ψ = A(εy, ε4t
︸ ︷︷ ︸

Y & T

) + ε sin xRcAY + O(ε)2

A(Y, T ) U ≡ −AY

UT = −µU −
[

(2 − β2)U + 3UY Y + 2βU2 − 2
3
U3

]

Y Y

U(Y, T )

UT = − 1
100

U −
[

U + 3UY Y + 2U2 − 2
3
U3

]

Y Y

6

Solution of the CH 
equation, β=1

(1) Initial jet spacing according to  linear 
instability.
(2) Jet spacing increases due to merger.
(3) Mergers are halted by bottom drag 
(not the Rhines scale).
(4) E-W asymmetry due to U^2.
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Back to Baroclinic instability

The mechanical energy budget is:

λ =
√

g′H/f0 ∼ 10 − 50 kilometers

∇PV1 = β + λ−2U > 0

∇PV2 = β − λ−2U < 0

∇PV1 = β + λ−2U > 0 , (1)

∇PV2 = β − λ−2U < 0 . (2)

ψ = 1
2
(ψ1 + ψ2) = barotropic mode

τ = 1
2
(ψ1 − ψ2) = baroclinic mode

ψ ≡ 1
2
(ψ1 + ψ2) , τ = 1

2
(ψ1 − ψ2)

∇2ψt + J(ψ,∇2ψ) + βψx = F (x, y, t) − κ∇2ψ + ν∇4ψ

Uλ−2〈ψxτ〉 = κ〈|∇ψ2|2〉 + hypν

Uλ−2 〈ψxτ〉
︸ ︷︷ ︸

=DU

≈ κ〈|∇ψ2|2〉
︸ ︷︷ ︸

=ε

UD = 〈ψxτ〉

2Dimensional analysis (HH 1980):

〈ψxτ〉 = U2λ × F

(
λ

L
,
κλ

U
,
βλ2

U
,

ν

UL7

)

D = Uλ × D∗

(
λ

L
,
κλ

U
,
βλ2

U
,

ν

UL7

)

βλ2/U = 1/2 κλ/U = 1/50 L = 50πλ

ψn ∝ exp [ikx(x − ct)] (3)

ky = 0 ⇒ J(ψ,∇2ψ) = 0 (4)

〈psixτ〉 =

ψn ∝ exp [ikx(x − ct)] ky = 0 ⇒ J(ψ,∇2ψ) = 0

A The two-mode equations of motion

The derivation of the modal equations used in our study is based on Flierl

(1978), and also includes forcing terms that arise when there is a mean shear

in the basic state as discussed in Hua & Haidvogel (1986). Our equations

differ from Hua & Haidvogel only in the form of the hyperviscous term, which

is used to absorb enstrophy cascading to the highest wavenumbers. The main

difference between the modal decomposition used here and the method used

by Larichev and Held (1995) appears in the coefficients of the bottom drag

term as shown below.

3

Small and unimportant

The leading contender (LH 2003):

!Rhines =

√

U

β

A second figure might show

DLH03
τ = Uλ × 1.75β−2

∗
(1 − β∗)

5/2

against the Dτ points from the simulations. There won’t be any infinities, so

this won’t look so bad. But DLH
τ will vanish quickly at β∗ = 1, where as Dτ

from the simulations will be stubbornly nonzero.

Given that LH is screwy, I’m wondering how to fit the data? Maybe

something like

DTY
τ /Uλ = κβ−η1

∗

[

β lin stab
∗

(κ∗) − β∗

]η2 ??

Above, the function β lin stab
∗

(κ∗) > 1 can, in principle, be obtained from the

linear stability theory as the value of β∗ at which the flow finally becomes

stable. Is there a closed expression for β lin stab
∗

(κ∗)? I suspect it’s pretty

hairy. The other parameters κ and ηn are determined by empirical fitting —

though LH suggests η1 = 2 and η2 = 5/2.

Dimensional considerations (Haidvogel & Held 1980) show that

Dτ = Uλ × D∗

τ

(
λ

L
,
κλ

U
,
βλ2

U
,

ν

UL7

)

, (4)

where D∗ is a dimensionless function. The final argument of D∗, involving

the hyperviscosity ν, is relatively small (see section ??). For brevity we sup-

press reference to this hyperviscous parameter. In Figure ?? we summarize

a panoramic set of numerical simulations revealing the main features of the

function D∗(λ/L, κλ/U). D∗ varies by over a factor of one thousand in re-

sponse to much smaller changes in κλ/U and L/λ: there is plenty of scope for

2

Note: no dependence on bottom drag and no zonal jets.....

Always important
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e.g., 

100 simulations 
 L = 50π × λ 
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• Is turbulence stable? Not 
always.

• For experiments like PWG 
there is an almost-convincing 
theory (BLSY).

• There is no equivalent theory 
for baroclinic turbulence 
problem. 

• Rhines scaling for the jets 
doesn’t work either what!

Conclusion

why?
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ūt = −1
2
(ka)2tūyy − κū

ū(y, t)
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Taylor’s identity:

is incompatible with PV diffusion:
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' L
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Rhines scaling?
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D

κλ2
∼ β2

∗

(
'J

λ

)4

〈ψxτ〉 = U2λ × F

(
λ

L
,
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U
,
βλ2

U
,

ν

UL7

)

D = Uλ × D∗

(
λ

L
,
κλ

U
,
βλ2

U
,

ν

UL7

)

βλ2/U = 1/2 κλ/U = 1/50 L = 50πλ

ψn ∝ exp [ikx(x − ct)] (3)

ky = 0 ⇒ J(ψ,∇2ψ) = 0 (4)

〈psixτ〉 =

ψn ∝ exp [ikx(x − ct)] ky = 0 ⇒ J(ψ,∇2ψ) = 0

3

Another consequence 
of Rhines scaling:
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)

βλ2/U = 1/2 κλ/U = 1/50 L = 50πλ

ψn ∝ exp [ikx(x − ct)] (6)

ky = 0 ⇒ J(ψ,∇2ψ) = 0 (7)

〈psixτ〉 =

ψn ∝ exp [ikx(x − ct)] ky = 0 ⇒ J(ψ,∇2ψ) = 0

(J = 50πλ/5 = 10πλ

A The two-mode equations of motion

The derivation of the modal equations used in our study is based on Flierl

(1978), and also includes forcing terms that arise when there is a mean shear

in the basic state as discussed in Hua & Haidvogel (1986). Our equations

differ from Hua & Haidvogel only in the form of the hyperviscous term, which

is used to absorb enstrophy cascading to the highest wavenumbers. The main

difference between the modal decomposition used here and the method used
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A PV staircase formed by partially mixing the β-ramp


