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Convective instability of stably stratified water in the ocean
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A recent theoretical description of interactions between surface waves and currents
in the ocean is extended to allow density stratification. The interaction leads to a con-
vective instability even when the density stratification is statically stable. An un-
specified random surface wave field is permitted provided that it is statistically
stationary.

The instability can be traced to torques produced by variations of a ‘vortex force’.
Non-diffusive instabilities produced by this mechanism in water of infinite depth are
explored in detail for arbitrary distributions of the destabilizing force. Stability is
determined by an eigenvalue problem formally identical to that determining normal
modes of infinitesimal internal waves in fluid with a density profile that is not monotone
and thereby has a statically unstable region. Some tentative remarks are offered about
the problem when dissipation is allowed.

Application of the present theory to Langmuir circulations is discussed. Also,
according to the present theory, internal wave propagation should be modified by the
vortex force arising from the interaction between the surface waves and the current.

1. Introduction

In recent papers by Craik & Leibovich (1976, hereafter referred to as CL) and by
Leibovich (1977, hereafter referred to as I) a set of equations was developed that
describes the interaction of surface waves with a mean current driven ultimately by
the wind stress. The equations are valid provided that the wave particle speeds are
large compared with the mean current and provided that the time scale for formation
of the current is long compared with the period of a typical surface wave.

The procedure, most completely described in I, involves two-timing followed by
averaging over a time span long compared with a wave period (the fast time) but
short compared with the time scale of formation of the wind-drift current. The details
of the surface wave motion are suppressed, and their rectified effect on the current
formation appears through a term formally identical to the Stokes drift.

A cellular roll motion in the upper water layers, resembling Langmuir circulations
(see Pollard (1976) for the latest review of the Langmuir-circulation phenomenon),
arises from the rectified equations when the Stokes drift possesses spanwise variability.
This might, in principle at least, arise from a bimodal surface wave directional spec-
trum. Langmuir-like motions, arising in this way as a direct wave—current interaction
described by the rectified equations, were studied extensively for homogeneous bodies
of water in CL, in I and in Leibovich & Radhakrishnan (1977). The existence of span-
wise variability in the Stokes drift, even for a bimodal wave directional spectrum,
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requires that the waves be locked in phase for many (perhaps 100 or more) wave
periods. This, as pointed out by C. J. R. Garrett (private communication), is unlikely
actually to ocour except in restricted circumstances. Preliminary evidence obtained
by O. M. Phillips (private communication) supports Garrett’s view.

On the other hand, Craik (1977) has pointed out that Langmuir-like motions are
described by the rectified equations for a completely random surface wave field which
is characterized by a wave drift uniform in the spanwise direction. As observed in I,
the rectified equations are mathematically nearly analogous to the equations of thermal
convection: this remains true even if the wave drift is uniform in the spanwise direc-
tion. Craik (1977) exploited this fact to show that an instability analogous to thermal
convection occurs in homogeneous water, and has illustrated the point by examples.

The present paper derives a generalized form of the rectified equations of I, based
upon the Boussinesq approximation, that allows the water to be density stratified,
and then employs these equations to treat the inviscid stability of a time-independent
current to infinitesimal roll disturbances. Currents with sufficiently large shear are
found to be unstable to such disturbances, even when the water is stably stratified.

The joint effect of the Stokes drift and a sheared current is equivalent to an altera-
tion of the density profile near the surface. Therefore, if no instability occurs, the
effectively modified density profile will alter the propagation characteristics of internal
waves.

Let the speed of the Stokes drift depend upon depth alone, be denoted by U,(z), and
be parallel to the basic current U(z). Let the water be density stratified with density
p(z). Then our principal result states that inviscid instability occurs when the function

aU,a0 , g dp
dz dz  p.dz

is positive in some interval. Here —z is the depth below the mean free water surface
and p, is a constant reference density. The condition .#(z) > 0 is a criterion of
Richardson-number type. Since the maximum of .# typically occurs at the surface
z = 0, this criterion may be stated in terms of a minimum wind stress 7, required to
cause instability:

M(2) =

dp(0 ,
Tw > —Vpd %/pr Us(O)-

Substitution of typical values for the parameters appearing in this criterion indicates
that the slightest breeze is destabilizing. In practice, therefore, buoyancy is not
effective at suppressing instability. On the other hand, a study of the behaviour of the
eigenfunctions shows that buoyancy determines the effective depth of the destabilized
layer.

The maximum growth rate for an unstable configuration is

O max = HA}0).

Growth-rate estimates from this expression for conditions that typically occur in the
ocean are consistent with observed time scales of formation of Langmuir circulations,
and the possible application of this theory to the Langmuir-circulation phenomenon
ig discussed in the final section of the paper.

The eigenvalue problem governing the stability problem is formally identical to
that determining the normal modes of infinitesimal internal waves in water of infinite
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depth. In contrast to the usual considerations of internal wave propagation however,
#(2) is not everywhere positive, and the usual proof of the variation of the discrete
spectrum with the wavenumber k¥ must be modified. General forms for .#(z) are con-
sidered, except that we require .# to decrease with depth. We show that the growth
rate o(k) increases monotonically, taking all values from o = 0 at k = 0 to o, as
k—oco. Furthermore the o(k) curve is concave towards the k axis. When p is asymptoti-
cally stable and linear as z— —oo, the problem possesses a continuous spectrum
corresponding to internal waves propagating to or from great depths.

If one is willing to assume a Stokes drift that is linear with depth (a bad assumption),
then the linear stability problem, including diffusive effects, is formally analogous to
the problem of thermal convection. This analegy is brought out in §5, where the
physical basis of the destabilizing effect of the Stokes drift is also explained in terms
of torques arising from a ‘vortex force’. By invoking the assumption of a linear Stokes
drift, one is able to carry over known results from the literature of thermal convection.
The problem closest to the one in this paper is the cooling from above of a deep layer
of fluid that is stably stratified. This problem has been treated by Whitehead & Chen
(1970). We may therefore quote their results for the critical (effective, in this case)
Rayleigh numbers and most unstable wavenumbers for steady convection of infini-
tesimal amplitude, provided that we bear in mind the assumption that has been made.
This is also carried out in §5.

2. Equations for wind-driven convective mixing of stratified water

The procedure described in I will be followed, but density stratification will be
allowed for. The basic idea in I is to average the Navier-Stokes equations over time
intervals large compared with the period of the dominant surface waves but small
compared with the time required for secondary currents to develop. The resulting
equations can be used to study motions whose characteristic time scale is large com-
pared with a surface wave period and whose characteristic velocities are small com-
pared with the orbital speed of water particles in the dominant surface waves, although
the applicability of further assumptions (e.g. use of a constant eddy viscosity) must
be evaluated.

In order to save space, the derivation here will lean heavily on I. In particular, we
shall not make the problem explicitly dimensionless to identify the small parameters,
but shall depend upon familiarity with the procedure in I, which underlies the present
development. For example, although we shall not formally introduce two time scales,
we are thinking of the same two-time analysis as was presented in I.

The Boussinesq approximation will be made, the density being written as

prt+D() + (%, ),
where p, is a constant reference density, p+ p(X, t) represents the deviation of p from

Py, and p is the density deviation at the initial time ¢ = 0. The vorticity equations
(ignoring the earth’s rotation) according to Phillips (1966, p. 18) are
Dw g

— = w.Vq—<=curl pk + V2w,
Dt =p, 0F (1)
w = curlq,
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where Kk is a unit vector in the 2 direction (taken vertically upwards from the mean
free water surface).

Let the velocity field q be written as the superposition of an irrotational surface
wave field u,,, with wave slope proportional to the small parameter ¢, and a still smaller
contribution v, proportional to edc, where ¢ is the phase speed of the surface waves
and ¢ is a second small parameter that accounts for all other motions:

q=u,+V. (2)
The parameter & is explicitly identified in terms of the applied wind stress and other
given parameters of the problem in I. In particular, ed is a measure of the vorticity
in the current field.

If the resulting vorticity equations are ‘processed’ (by perturbation and averaging
in time) as in I, and if the buoyancy term (g/p,) curl {pk) is assumed not to be large
compared with w.Vv, then the method of averaging used in I carries over directly
and results in the (dimensional) vorticity equations

{w) = curl{v),
?%’—) + (V) +1,). V{w) = {w) . Vv) +uy) - 'g curl ({pYKk) + vV« w), (3)

where for any scalar or vector function f

RN

Here T is an averaging time long compared with the surface wave period but short
compared with the time required for the development of currents, and the vector u,
is identical to the Stokes drift:

u, = <ftuwdt.Vuw> (4)

(Phillips 1966, p. 31). Also, v has been replaced by an eddy viscosity v,.
An appropriate measure of (g/p,) curl (pk) is given in terms of the prescribed func-
tion p by (g/p,) 8p/0z, so that the assumptions made about this term may be stated as

The smallest length scale that can be treated by the averaged equations is of order
k71, where « is the wavenumber of the dominant surface waves, so we must have

99 _ 00
e O(x%?), (5)
where v is O(¢ 6¢). The left-hand side of (5) is the square of the Brunt-Viisild frequency
N(z), so validity of the procedure requires that the dimensionless parameter

(8e)72 (N [o,)? (6)

should not be large. Here o is the frequency of the surface waves. A typical value for
de would be 0-01, so the equations should be valid for motions in which the ratio
N/o, is not large compared with 0-01. For typical values of N, this is satisfied by all
except fairly long surface waves.



Convective instability of stably stratified water 565
Equation (3) can be integrated to give

B2 (). VCv) = 1y x () = V= L Yk 4y VW) ™)

The term 7 includes the mean kinetic energy of the wave motion in addition to the
averaged pressure.

One of the principal questions of interest motivating this research is the mixing
accomplished by organized convective motions. To treat this question, it is con-
venient to adopt the customary step taken in thermal convection, and replace density
by temperature in the Boussinesq approximation. Although we shall not treat any
details of mixing here, we shall set forth the equations in a form suitable for that
purpose. Thus, if £ is the coefficient of thermal expansion, we write

p= _ﬂT e P = —-p: B0,
T (x,t) = T+ T (2) + 0(x,1). (8)

The temperature is governed by the energy equation, which is (with the usual approxi-
mations of thermal convection)

0,+q.Vo+k.qT'(z) = ap V20, (9)

where the temperature is

where the prime denotes d/dz and o is the (turbulent) thermal diffusivity. It is con-
venient for the moment to replace ap by vy/Prs, where Prp is a turbulent Prandtl
number. If we decompose q into wave and current contributions as in (2), recall that
u,, = Ofe) > v, and assume that (as in I) the inverse Reynolds number kv fec is
sufficiently small (and Pr; is not too small) and that apx/c = O(e?) then 6 may be
expanded in a series in €,

0 =064+€0,+ ...,

and the first two coefficients are determined by the equations
06,/0t = 0, 080,[ot = —k.u,T'(z).

The first equation asserts that 6, does not change on the fast time scale (comparable
to a wave period), although it may vary on a longer time scale. The second equation
may be integrated:

_ t
6, = —T'(2) f K. u,dt+(0,),

where (6,) is the mean with respect to the fast time and may vary on the slow time
scale.

Divide the temperature disturbance ¢ into its mean and fluctuating parts:
0 = {6)+0'. To this order

(0) = 0,440, 0 =—T'(z) f ‘k.u,dt.

We substitute this decomposition into the energy equation and average over the fast
time:

a<6>+((u +V)). V(O — <(uw+v (T'(z f k.u dt)>
+{(k.v+k.u,)>T'(2) = ap VXO).
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But, since {u,,) = 0,
Uy, +V). V() = (v).V(6),

k.v+k.u )T (z) = k.(v)T'(2)

<(uw+v).V (T’(z)ftk.uwdt)> = (u,. (T'(z)J.lk.uwdt)>.

The last term is the correlation between the fluctuating wave field and the wave-
induced temperature fluctuations. It may be shown to vanish under fairly general
circumstances. To see this, rewrite the term as

<uw.VT’ftk.uwdt> = <a% {%T" (ftk.uwdt)2+T’ftuwzft.Vftlk.uwdt;>
—T'<f'uwdt.wk.uw)>. (10)

The term in the curly bracket is differentiated with respect to ¢, so that its time average
vanishes, while the last term is {cf. (4)] —7"(z)k.u,. The vertical component of the
Stokes drift is assumed to vanish, so the entire expression on the left-hand side of
(10) vanishes. This leaves the ‘ordinary’ energy equation (where (w) = k.{v))

and

KO [ot+{v). VO +{wy T'(z) = apV2(6). (11)
The full set of equations for the developing currents may now be collected:
VY[t +{v). V{V) = u, x {w) — V7 — fg{O)k + v, VXV, (12q)
KOy [ot 4+ {v) . V(O) + {w)T'(2) = oy VE(O), (120)
V.{v) = 0. (12¢)

We note that the Stokes drift u, (for waves in deep water) vanishes exponentially
fast with depth, so the equations reduce to the unconditioned Boussinesq approxi-
mation to the Navier—Stokes equations at depths of the order of the wavelength of
the surface waves. For stably stratified waters, therefore, the set reduces to the one
conventionally used to describe internal wave propagation when depths at which
u, <€ 1 are reached.

At the mean free surface z = 0, the vertical current vanishes:

{w(x,y,0,t)) = 0. (13a)

As in I, the problem of motion developing under the action of an applied wind stress
(in the x direction, say) may be treated by imposing the stress boundary conditions

vp(luyfoz) = ul, vp(0{v)[éz) =0, (13b,¢)

where u, is the water friction velocity associated with the applied stress and use has
been made of (13a). For water of infinite depth, all disturbances should decay as
z—> — 0.

Finally, thermal boundary and initial conditions must also be imposed on the mean
temperature {6). By virtue of the definition of T, at ¢ = 0

(6> (x,0) = 0. (13d)
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If we assume that the temperature at infinite depths is held fixed, then
{§)>—>0 as z->—oo. (13e)
At the free surface 2z = 0, any suitable boundary condition on
T.+T(z)+(6)

may be imposed. For example, one may take a prescribed temperature To(z, y,t), in
which case _
0> (=, y,0,8) = Ty(x,y,t) - T,— T(0),

or a prescribed heat flux 7', in which case

P , oT
3—z<0>(90,?/, 0, t) = TO""E; (O)
Here
, oT
Ty = Ez_(x’ ¥,0,t).

3. Linearized instability of a shear flow

We now assume that the action of the wind stress has produced a time-independent
parallel shear flow .

(V) = Ui (14)
and that surface waves have produced a Stokes drift current that varies with depth
only:

u, = Uy(2), (15)
with dU[dz > 0 and dU,/dz > O for all z. In the absence of a stable density gradient,
the situation represented by (14) and (15) may be expected to be unstable to infini-
tesimal disturbances because of their close similarity to the equations of thermal
convection (see §4) and this has been confirmed by Craik (1977). (Craik also applied
the results of Foster (1965, 1968) to consider the stability of the problem above when
viscosity is included and U evolves in time as a solution of the Rayleigh problem with
an imposed surface stress.)

We consider the inviscid linearized stability of (14) and (15) to roll disturbances in
the presence of a stable density gradient

dpldz = —p,BdT|dz < 0. (16)

If diffusion is ignored arbitrary functions U, T and U, satisfy (12).
If the state described by U(z) and T'(z) is disturbed by the perturbations (u, v, w)

and 4, i.e. B
M = (UR)+w,v,w), T-T, =T()+0,

where (u,v,w) € U and 6 < T, then the linearized forms of (12) may be reduced to
the following three equations for u,w and 6:

Alwy+ (U + U)w,) = A(B90 — Ugw) + [w,(2U' + Uy)l, + vy Atw, (17a)
A[ut+ (U + lzs) u:c+ wU’] = _ﬂga:cz+ [wx(2U' + U;)]:c + (U;ua;)z'*' VTA2u’ (176)
0,4+ U6, +wT’ = apAb, (17¢)
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where
ot 0* o2 0%
= +3—y2+—3-;2’ A = A—a—z2-
If we consider only disturbance rolls aligned with the mean flow, then the motion
is independent of x and (17) simplifies to

Aw, = A (Bg0 — Ugu) + vp A2w, (18a)
u+wU = vphu, O,+wT = a,Ab. (18b,¢)

From the form of (18) the roles of  and 6 are seen to be similar, and the analogy with
thermal convection is apparent.

If, on the other hand, z-dependent disturbances are allowed, but only non-
conducting inviscid flows are considered, the equations may be reduced to a single
second-order equation. If we assume the exponential behaviour

w = @(2) exp [ot + i(ky + ma)], (19a)
% = (k% +m?)~! (tmw, — k2w U'f1), (19b)
v = k(k®+m?) 7 (fw, + mwU’f1), (19¢)
0 = —wT' (o +imU)-Y, (194d)
f=o+im(U+U) (19¢)

and assume ay = vp = 0, then ¢(2) satisfies the equation

) mU" RU'U, (k*+m?) N?
e S T L

N*(z) = pgT'(2) (200)

is the Brunt-Viiséla frequency. In the absence of surface wave motion, U, = 0 and
(20) reduces to the equation governing the stability of inviscid density-stratified flows
[ef. Drazin & Howard 1966, equation (3.12)].

In the present paper, we shall confine attention to perturbations consisting of rolls
aligned with the mean flow (m = 0), for which (20) takes the very simple form

0" — )+ BA(2) § = O, (21a)
M) = ULU' — N2, (21b)

(20a)

where

The boundary conditions on w require

$(0) = ¢(—c0) = 0. (21¢)

We note that (195, d) now imply that 4 and 8 also vanish at z = 0, and that thisis a
consequence of the non-diffusive approximation. In applying the equations of §2 to
Langmuir circulations therefore, where % is known to achieve its maximum at the
surface, one must include the effects of viscosity (and probably heat conduction) to
account properly for the observed surface behaviour. Nevertheless, the growing
vertical motion will probably be adequately described by the inviscid problem for
sufficiently small times.
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Ficure 1. Sketch of the form of M({) considered.

The basic state (U, T') is unstable if o2 is positive and stable if 0% is negative. Notice
that, if U, = 0 and o? is negative, the problem (21) is identical to that for infinitesimal
amplitude internal waves. Thus (21) may also describe internal waves, and shows
that the classical Brunt—Viisild frequency is modified near the surface where surface
wave activity is significant.

3.1. Assumptions about H (2)
Typically U, and U’ are positive and so is 7" if the water is stably stratified by density.
In addition, as z— — o0, U, and U’ both vanish, and the decay of U, is exponential.
We assume that, as z—> — o0, the density stratification is ultimately linear (although
this assumption is not required for most of our results, it is convenient), so

PoT" ~7y as z—>—oo,

where 7 is a non-negative constant. Either .#(z) < 0 for all z (when 7" is sufficiently
large) or #(z) is positive for a region 0 > z > —{, and negative for z < —§,. For
simplicity, we assume that there is at most one zero of the function .#(z), at z = — ¢,
and that .# is monotonic decreasing. To avoid writing minus signs frequently, we let

z=—¢ M) = M-8 =M.

The typical form of M under consideration is therefore shown in figure 1, where 3/(0)
may be either positive or negative. In terms of the independent variable { the
problem (21) becomes

e+ AM(E) - kN = 0, (22a)
$(0) = §(o0) = 0, A= Kk?o2 (22b,¢)

Equations (22) pose a singular (because of the semi-infinite domain) Sturm-
Liouville problem. The problem possesses both a discrete spectrum (A > 0) and a
continuous spectrum (A < 0), which will be discussed below. The occurrence of a sign
change in M({) renders some standard results concerning the spectrum inapplicable,
but, as will be shown, these results can be obtained by a modified proof.

3.2. a% s real
The wavenumber k is specified, and o2 is determined as the eigenvalue of the system
(22). We may refer to Yih (1974) or to Ince (1956, §10.71) for a demonstration that
the eigenvalues o2 are real, even if M({) has a change of sign. (Yih’s proof is for
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internal waves, but is directly applicable to this problem as well.) Thus o is either
real, in which case the motion is unstable (since a positive root exists for o), or is
purely imaginary, in which case the motion is oscillatory (a modified internal wave).
Unstable motions therefore correspond to ¢? > 0 and oscillatory motions to a2 < 0.
Note that, since A is real, we may take the eigenfunctions ¢ to be real.

3.3. Necessary condition for instability: minimum wind stress for mixing
Where M({) < 0, the solutions of (22a) have ¢,, and ¢ of the same sign, a condition
described by Morse & Feshbach (1953, p. 723) as ‘exponential behavior’. When
M) > 0, ¢ and ¢,, have opposite signs, or ‘sinusoidal behavior’ according to Morse
& Feshbach. It is clear that, if M({) < 0 for all £, then there are no bounded solutions
to (22) except ¢ = 0 for A > 0.

By hypothesis, the maximum value of M({) occurs at { = 0. Therefore a necessary
condition for instability is

M(0) = Uy0) U'(0)—pgT'(0) > 0. (23)
It will be shown (§3.7) that this is also a sufficient condition for instability. Since the
applied wind stress is related to U’(0) by the condition
pvgU'(0) = pug =7,

condition (23) implies that the wind stress required to overturn a stable density

structure is / _
T = prr BgT"(0)[UL(0). (24)

3.4. o? increases with k? at a decreasing rate

This is the analogue of a standard result concerning the dispersion relation for ordinary
internal waves. The proof given by Yih (1974, p. 274) is valid only for positive M ({).
The following proof applies when M is allowed to change sign.

We are interested in the variation of ¢ with k2 for a particular mode in the discrete
spectrum (i.e. a mode characterized by the number of zeros of its eigenfunction).
Consider the eigenfunction ¢({; &) corresponding to the eigenvalue A(k2). Differentiate
(22a,b) with respect to k2. If we use the notation

X(G; k?) = 04(&; k)[ok*
then the differentiation leads to the following problem for y:
X+ (AM(E)— 1) x = ¢ — (dA[dk*) M (L) ¢, (25a)
X(0) = x(c0) = 0. (25b)

Since A is the eigenvalue corresponding to k2, the problem (25) has no solution unless
the solvability condition

[ [¢- g m@s] oz = o (26)

is satisfied.
From the definition of A (= k2/d?)

dAJdR? = k(A — A2d(0?)/dk?).
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(M (O}

0 ‘ k

FicurEe 2. General shape of the behaviour of the growth rate as a function of wavenumber: o(k)
18 concave towards the k axis, zero at k = 0, and approaches [M(0)}} asymptotically as k - oo,
for all monotonically decreasing M({) having M(0) > 0.

Therefore we may rearrange (26) to arrive at the condition
2 2(0?) [ 2 ® 2] 42
2 | MO = | Q- B g (27)

The signs of the integrals on either side of (27) are not immediately obvious. However,
by multiplying (22a) by ¢, integrating over all { > 0 and using (225), one sees that

j ® AM(Q) ~ k) grdg = f " (@PdL > 0. (28)
0 0

Thus it follows that the integrals on both sides of (27) are positive if A > 0. But the
diserete spectrum for this problem corresponds to the range

A = kB2[M(0) > 0. (29)
Consequently, we have shown that

" (¢)2de
d(o?) f
a0 = 2 >0 (30)

)R f Cli@ gl

for the discrete spectrum. Since we may take o and k both positive, (30) shows that
dofdk > 0, (31)

so that o increases with increasing k. By similar arguments, one can also show that A

increases with increasing k, or

dik (,k,) > 0. (32)
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Coupled with (31), (32) implies that

2 (h_t( by
do\c)] o\de o ’

doldk < ok (33)

or

at every value of k. Thus we also see that the a(k) curve is concave downwards at each
point and has the general shape shown in figure 2.

3.5. The maximum value of o* = M(0)
Equation (22a) may be written as
P+ ALM(E)—0?]¢ = 0. (34)

In intervals for which o2 > M({) the solution ¢ has.exponential behaviour. If o2
exceeds M(0), then ¢ has exponential behaviour for all £, and no bounded solution is
possible. Therefore, assuming that 3/(0) > 0, the growth rate cannot exceed [M(0)]3,
ie.

o < [M(0)]3. (35)

We can also show that this is, in fact, attained asymptotically, i.e. o—[M(0)]} as

k— o0, 8o that
T—>Opmax = [MO0))} as k—co. (36)

To see this, we note from (32) and (35) that A — co as k— co. We may therefore calculate
the eigenfunction of (34) as k— oo by exploiting the behaviour of A for large k by using
the WBKJ approximation. Write

9(§; 0) = M(§)~o?
Gee+Ag(G0) 9 = 0.
The zero of g({; o) occurs at { = £, where £ = M—Y(o?) and £ >0 as A —c0. Near { = £,
g(&E) ~ M'(E)(E—£) = — | M (E)|(E—£&)
since, by hypothesis, M'(£) < 0. Let { —£ = 24X, Then, for X fixed and of order one,
¢ = CAI(|M'(§)|X) (37a)

as A — o0, where Ai is the Airy function, while for fixed { > &,

so that (34) becomes

¢ ~ D{|M'(E)|(E~E)texp { —Mﬁ (M) - 0‘2I*d§} : (370)

The asymptotic representations match, in the sense of matched asymptotic expan-
sions, if C and D are chosen to satisfy,

C = 2mt A&%D.

The boundary condition at { = oo is satisfied by (37b). The boundary condition at

¢ = 0 corresponds to
X =A%,
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Provided that £ is O(A~%), (37a) is a valid asymptotic representation of ¢ right up to
the boundary ¢ = 0. Assuming that £ is so chosen, the boundary condition at { = 0
is satisfied if

—EA MO = a,,
where a,, is the nth zero of the Airy function of negative argument. Thus the eigen-
values of (34) are given by

A=A, = —ad[(E3M'(E)), n=1,23,.., (38)

and the corresponding eigenfunctions are given approximately by (37) in appropriate
{ intervals.

For example, the first zero (cf. Abramowitz & Stegun 1964, p. 478) —a, = 2:338
corresponds to the lowest eigenfunction and, since A, = k*/o2, this consequently
corresponds to the most unstable mode. Note that the eigenfunction ¢,({) vanishes
only at the end points { = 0 and { = co, and has no other zeros. The eigenvalues A,
can be ordered as

A <A <Az<...
and there are an infinite number of them, with no finite upper bound. The corre-
spondence between the number of zeros in { > 0 and the indices of the eigenvalues
follows from Sturm’s oscillation theorems (Ince 1956, pp. 232-233) in the usual way.

The analysis above therefore shows that a solution to the eigenvalue problem
exists for all o2 < M(0) and therefore o0, as k—oco. Thus M(0) > 0 is also a
sufficient condition for instability (see also §3.7).

3.6. Asymptotic behaviour of the eigenvalues A, as n— o0

For fixed k, A, — 00 as n—>co, which implies that o, - 0 as # — c0. This limit is not of
central importance to the stability problem, but we nevertheless report the result.
Since A, —> o0, we may again apply the WKBJ method. Now the turning point £ is not
near the left boundary { = 0, so we need an asymptotic representation for ¢, for
fixed § < £. The WKBJ approximation for { < £ satisfying the boundary condition
at { = 0is

$ ~ BIM'(E)| - {tsin {Aﬁ f j M) - aa)%dé}. (39)

This can be matched to the Airy function solution (see above) in the transition region
provided that

Cn—1m

A, = .
n = TF
fo (M()—oR)tdg

(40)

Since A, -> 0, 0, -0 and can be neglected in the denominator of (40). (Then £— ¢,
the zero of M({).)

3.7. Lim o, (k) = 0 for the discrete spectrum, unless y = 0
k—0

Next we show that a solution to the eigenvalue problem exists with finite values of

A, as k—0. Thus, in particular, a finite value of A, exists for k-0, which, since
A; = kfoy, implies that o; 0 as k— 0. If y > 0, this result holds for all M of the kind
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considered which have M(0) > 0. If y = 0, a solution to the eigenvalue problem may
not exist for k = 0, as we shall see. We note that a consequence of this subsection is
that M(0) > 0 is a sufficient condition for instability.

To see the result when y > 0, formally set k = 0in (224a). A turning point still exists,
now at the zero {, of the function M({). Therefore the construction of §3.6 still applies
for the higher eigenvalues (z —c0). Thus the eigenvalue problem continues to have a
solution, and there is a least eigenvalue A; > 0. Thus for all modes o, 0 as k>0 and
therefore the o,,(k) take all values from (and including) o = 0 up to (but not including)
O = Opax 88 k ranges from &k = 0 to k& = oo.

When y = 0, there is no finite zero of M({). In this case M({)—>0 as {— o0, and if

f : EME)dE < 0 (41)

for some number §,, the only solution to the problem is the trivial solution ¢ =0
(see Leibovich 1970, pp. 815-816). Condition (41) usually holds, since in this case
M) = U,U’, and U, (at least) vanishes exponentially fast.

3.8. Behaviour of the eigenfunctions of the discrete spectrum

For { > £ > {,, where £ is the zero of M({)— a2 and {, is the zero of M, the eigen-
functions display exponential behaviour, while for { < £ they display sinusoidal
behaviour. It can be shown that the last local maximum (or minimum) of ¢, (&) occurs
at a point {, such that {,, < § < §,. This may be seen by multiplying (34) by ¢, and
integrating from ¢ = {,, to { = oo. The result is

(M)~ o180 = - [~ O raL (42)
By hypothesis M’({) < 0, and for the discrete spectrum A, > 0. Therefore
M) —o% > 0.

Since M is a decreasing function and M(§) - o2 = 0, {,, < &. Therefore the magnitude
of the eigenfunctions decreases exponentially for { > {,. In particular, the eigen-
function corresponding to the lowest mode ceases to be oscillatory and reaches its final
maximum value for § < £.

Notice that for fixed U, and U this result shows that the effective depth of the
unstable motion decreases with increasing y. Since M decreases as y increases, {,
decreases as 7y increases. Therefore the value of y controls the penetration depth of
the instability

The asymptotic behaviour of the eigenfunctions is given by

@,.() ~ constant x exp{— (A, y +4*)3{] as &—>o0. (43)

3.9. The continuous éfpectrum
If A = k?[0? = — u? < 0, then (22a) becomes
¢g§ —[pPM L)+ k¢ = 0. (44)

If u2M(§)+k® > 0 everywhere, then (44) has no bounded solutions. If u2M +k?
vanishes at { = £, then the solutions of (44) will be of exponential type for { < £ and
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of sinusoidal type for { > £. In the latter case, ¢ will be bounded as {— o0, and will
have the asymptotic behaviour

¢ ~ constant x sin{(u%y — k2)}{ +a}

for some «. These eigenfunctions are improper (they are not square integrable and do
not satisfy the boundary condition at { = o0), and correspond to internal waves
propagating to infinite depths. The spectrum is continuous for all x? > k2[y.

4. Examples
Two simple examples, similar to those of Craik (1977), illustrate the general
results of §3.
(2) Let
_[m§>0, <L,
M(C) - {_7’ g > L:
where m is a constant. This corresponds to a linear U and U,. The eigenfunctions are
é, = A sin [{(A, mE — k2)}] for { < L,
"= 4 sin [LQ,m3— k) exp{— (—L) A,y +E98} for £ > L,
and the eigenvalues are determined by the dispersion relation

My P
v (p2+ B2’

p=LA,mi—k*)E, B2 = k*LA(1+mily).
Let p,, satisfy the equation

tanp = —

where

tan i, = — gy}
or
P = 3m(L+8) +vm, v=0,1,2,...,

where 8 is a well-determined number that depends upon my/y? and lies in the interval
0 < & < 1. Denote the value of p corresponding to the nth mode by p,,; thenn = v+1
and

Po < Pn < (vH1)m,
or

m2 (1 +8)+v]2+ k212 <A< (v+12m2+ k2L
mg L? n s mg L? )
All features described in §3 may be easily verified. For example, as k— 00, f—>00
and therefore tan p — 0 for any mode with n < oo; hence §>1 and
Ap = k202 ~ E2m i (1 + O(v?/L2k?)),
or
O-?L ~ m§ = M(0),
as k— oo in agreement with §3.5. Similarly, as k- 0, #—> 0, and therefore

p = LmyA} = p,, = constant

80
N Lmyk _ 2Lm, k
" P m2n+d6—1)

in agreement with §3.7.
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Ficure 3. Construction leading to o(k) for example (b) of §4. The parameter v, is given by the
intersection of the f(v) curve with j*'. The growth rate o, of the nth eigenmode may be found
from v,,.

(b) As a second example, take the more realistic case
M(E) = Mip?exp (—p&)—7y-

This corresponds to a situation in which the product U, U’ decays exponentially, as
might be expected, and the water density is linearly stratified.

The change of variable y = e—#¢ transforms the eigenvalue equation into a Bessel
equation, and the solution satisfying the boundary conditions is

¢ = CJ,(Bexp[—}ull),

where J, is the Bessel function of order v > 0 and
B=2MM =i, v=(2p)k+yA,)k (45)

Here j™ is the nth zero of J,.
We note that the asymptotic behaviour of j, as y—>o0 is (Abramowitz & Stegun

1964, §5.22, p. 371)
J® ~ v4b, 1+ 0 ),

where b, depends upon 7. From the definitions of # and v, we see that, on eliminating
A,,, B can be expressed as a function of v alone,

B) = (uMofy}) (2 — 4k p2)3,

and that the asymptotic slope of the B(v) curve as v—> o0 is uM [y?. The schematic
construction in figure 3 then shows how the dispersion relation (45) may be solved.

If uM, > 7y, then the B(v) curve will intersect all the j@ curves at points v = v, (k)
that depend upon the value of k/u. Note that this slope condition is equivalent to the
condition M(0) > 0, which is the necessary and sufficient condition for instability.

From (45), the eigenvalues are
o, = 2M kv, (k).
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F1cURE 4. Sketch explaining the physical origin of the instability in terms of torques produced
by variations of the vortex force. Only the vortex-force component (F,) arising from the
z-independent velocity perturbation u(y,z,0) is shown.

Notice that the value of v,(0) is well determined and finite, so that as £— 0
o, =2M, k/Vn(O)7

in conformity with the general results in §3.7. Similarly, as k—co, v, >0 (since
v, > 2k[p). Since j™ ~ v as v->c0, (45) has the solution

Vi ~ 4k MY (u® M3—),
which gives o ~ pt M3~y = M(0),
which is in conformity with §3.5.

5. Physical explanation of the instability: analogy with thermal convection

Craik (1977) has given an explanation of the instability (in constant density water)
in terms of the vorticity. Here we prefer to base our discussion on the ‘vortex force’
u, X {w) imposed on the mean flow by the simultaneous presence of waves (hence u,)
and currents (hence {(w) # 0).

Suppose that a parallel shear flow has developed, so that {v) = Ui, with U [dz # 0,
and that surface waves impose a Stokes drift u, = U,(z)i, with Ug(z) > 0. Also, let
{0) = 0. This is a possible state of motion, and satisfies (12) (if v, # 0, then U must
be time dependent, and U, = v, U,,). The vorticity associated with the motion is

(w) = (—-3U[oz)]
(where j is a unit vector in the y direction) and is perpendicular to u,, so the vortex
force is vertically upward and uniform in horizontal planes. This force is felt as a

pressure, balanced by #, and induces no accelerations.
Now suppose that the velocity profile is slightly disturbed at time ¢ = 0 by an



578 8. Letbovich

amount u(y, 2, 0) as shown in figure 4. Then the perturbation is y dependent, and is
associated with a vertical vorticity component — d{u)/dy. In the disturbance illus-
trated in figure 4, the vertical component of vorticity w, is negative for y < 0 and
positive for y > 0. The displacement does not affect u,(z), so a vortex force acts on
either side in the direction of the plane y = 0, where u(y, 2, 0) has its maximum. Since
u, decreases with depth, a similar but weaker set of vortex forces will act at greater
depth. The vortex-force distribution with depth on a plane y = y, = constant there-
fore produces a net moment T in the direction of x increasing if y, > 0 or in the
opposite direction if ¢, < 0. The directions of the couples, shown in figure 4, are such
as to produce a circulation with a convergence at the plane y = 0, where u(y, z, 0} has
its maximum. Therefore the vertical velocity component is negative at y = 0, and
the non-diffusive form of (12) requires that the perturbation u satisfies

ufot = —(wyoU|[oz

at a plane of downwelling (since {v) = 0 there and U > ) in an z-independent motion.
Since (w) < 0 and 9U[/oz > 0 at y = 0, oufot > 0. Therefore the initial perturbation
u(y, 2, 0) grows with time. )

The discussion so far has ignored density effects in order to focus on the destabilizing
forces. The tendency for downwelling to form leads to a zone of light fluid near y = 0
and heavier fluid on either side. Thus the gravity forces, which are vertical, are greater
away from the plane y = 0 than they are on that plane. Consequently, the gravity
force on a plane z = constant produces a torque on the fluid that always opposes the
torque T described above. Therefore stable stratification opposes the tendency to
overturn the fluid, and stability or instability results from the net action of these
opposing forces.

The driving mechanism in CL and I may be explained in a similar way, but it is
the imposed spanwise variation of u, that produces a net torque (even without an
initial perturbation of the vortex lines).

Next observe that for z-independent motion (18) show that, if U; = constant, the
effect of the vortex force is completely analogous to that of the buoyancy force, and
the z component of the velocity is analogous to temperature. Although (18) have
been linearized, their nonlinear counterparts share this characteristic. Now U, =
constant is not usually a justifiable approximation. Nevertheless, if one makes this
assumption, results in the thermal-convection literature may, when suitably inter-
preted, be applied to the present problem.

Consider the question of the infinitesimal steady convection, with heat conduction
and viscosity accounted for but with U,(z) taken to be a constant. From (18), this
problem is governed by (after suitable reduction)

V3 A3w = (U, U’ — BgT' Prp) Ayw
(where Pry = vpfaz). Let us choose k7! to be our length scale, where « is a wavenumber
characterizing the surface waves. If a typical amplitude of the surface waves is ¢/«
and the corresponding frequency is o, then the Stokes-drift gradient has a scale
2¢20,. At the surface, the stress condition requires that U’ = w%/v;, where u, is the
water friction velocity, so we take u%/v, as a scale for U’ and set
U'U, = (2620, Ug[vy) K(O),

where G is a dimensionless function of { = —«z.
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Fraure 5. The critical ‘Rayleigh’ number (ayllso twice La~2, where La is the Langmuir number
from I) and critical wavenumber k, found by Whitehead & Chen are shown as functions of S.
Here S is the ratio of the stabilizing force due to buoyancy to the destabilizing vortex force.

Set _
260, , _ vpBgT'
(Kvp)p ® I'=Pry 2e2o ut’
8 =TRa, f(§)=0G()-T.
Then

A%w = Raf()Aw.

This equation is of the form treated by Whitehead & Chen (1970) and we have intro-
duced the same symbol as they employ for the parameter Ra (their Rayleigh number).

We note that, in the notation of I,
Ra = 2La2,

where La is the Langmuir number. Whitehead & Chen treat several examples of
functions f({). In particular, they consider the example

f=p2MEexp(—pb)-T,

with I = constant, which is considered in §4. For a stress-free isothermal top boundary
(w=w, =60=0 at z=0), they found that the critical Rayleigh number Ea and
critical wavenumber k, varied with the parameter S as shown in figure 5 (adapted
from their figure 4).

For the example illustrated, the critical Rayleigh (or Langmuir) number is in-
sensitive to the stabilizing gradient S and to a lesser extent the same is true for the
critical wavenumber. For other examples calculated by Whitehead & Chen the critical
wavenumber (in particular) showed a greater dependence on 8.

Although the critical Rayleigh number and wavenumber depend only weakly upon
8, the plots of eigenfunctions in Whitehead & Chen’s figure 5 show that the effective
depth of penetration (and hence the cell aspect ratio) does depend strongly on 8. The
effective depth of the unstable layer decreases with increasing stabilizing gradient S,
which is a behaviour that is apparent from the inviscid analysis of §3.8.
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6. Discussion: application to Langmuir circulations
The inviscid stability analysis tells us that growth rates are a fraction of

Tmax = (Us(0) U'(0) - BgT" ()}

and that the most unstable wave is that of vanishingly small wavelength. The Brunt—
Viisiild frequency N(z) = (89T (2))}, and U.(0) and U’(0) can be characterized as in
the last section, so we may write o, as

Tmax ~ (262025 /vy — N*(0))3. (46)

N?is usually very small, particularly near the surface, and can be neglected. One way
to estimate o, is to refer to I [equation (14)], which shows that u3[/vy o, is of the
order of the wind-drift current (with a scale measured in I by ¢, = u%/v,07,). Since the
wind-drift current is of the order of 3 9, of the wind speed, we estimate (46) to be

Omax ~ €05(0:06)} = 0-2¢o,.

A typical value for ¢ is 1, so we may estimate
Cmax = 0(0-025 7).

The frequency o is typically of the order of 1572, which gives an e-folding time of 40s.

A growth factor of 104, say, requires a growth time of 6 min for the most unstable
waves on the basis of the estimates of the previous paragraph. However, the effects
of viscosity are certainly not ignorable for waves with wavenumbers as large as, or
larger than, (0. /vy)t. The high wavenumbers, which are most unstable on inviscid
grounds, are certainly damped by the dissipative effects that we have left out of the
analysis. (For the value of o,,, found above and v; = 10cm?fs, the viscous cut-off
wavenumber is (3%)cem™1, corresponding to a disturbance wavelength of 1-26 m.)
Consequently a somewhat smaller growth rate, and thus a longer growth time, is
indicated. Nevertheless, one expects a growth time that is a modest multiple of the
estimate above, which would then be in accord with observed Langmuir-circulation
growth times.

As indicated above, there is no preferred wavelength in the non-dissipative prob-
lem. When viscosity and heat conduction are allowed, however, as in the (imperfect)
analogy in the previous section, a preferred wavelength does emerge. For the example
described in §5, the preferred wavenumber depends upon the strength of the stable
density gradient, but varies from small values up to about k = 2«. (We note that we
may write S = N2Prc~4v7. For k ~1m1, N ~ 5x103s7! and vy, = 20cm?/s,
S ~ 6:25 Pr. For Pr ~ 7, 8 = 44, where, from §5, k[« = 1. Reducing v, by half or
more raises S to a range where k[« is level and approximately equal to 2.) Thus the
wavelength of the preferred mode is of the order of the wavelength of the dominant
surface waves. The critical Rayleigh number for the example cited is about 300.
Since Ra = 2La~2, and values of La are, according to I (§7), typically of the order of
10-3 in the oceans, we expect oceanic conditions to be far above critical.

The example above should be viewed with caution, since the neglected effects of
the curvature of the Stokes-drift profile will certainly alter the quantitative details.
Consequently, one must not place 1nuch weight on the values of the critical wave-
number or Rayleigh number. Nevertheless, it is unlikely that a proper analysis would
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lead to a critical Rayleigh number several orders of magnitude larger than the one
cited in §5.

Thus we interpret the ‘analogy’ and the non-dissipative stability analysis as both
suggesting that a wide range of typical conditions in the ocean are highly unstable on
linear grounds as a result of the rectified effects of surface wave activity. It would,
in my view, be unwise to offer a theoretical mechanism as an ‘explanation’ of Lang-
muir circulations until the fully nonlinear problem has been carefully explored and
compared with observation. The instability mechanism has interesting possibilities
as an ultimate explanation, and we have therefore undertaken a numerical study of
finite amplitude unstable motions that we hope to report in due course.

I am grateful to Dr A. D. D. Craik for showing me his work on the instability
mechanism for generating Langmuir circulations in water of constant density.
This work was supported by the National Science Foundation under Grant
DES 74-13057 A01.
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