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6. Conclusion and discussion
The method of multiple time scales has been used to obtain an amplitude equation

(3.45) describing the evolution of near-inertial disturbances. An important new
ingredient in this reduced description of the near-inertial peak is an energy source
produced by the parametric subharmonic instability of a ‘pump wave’ with frequency
close to 2f0. The term Υ LA∗/2 in (3.45) is a general expression for this source of
near-inertial energy. It is notable that neither the horizontal divergence, Ux + Vy , nor
the vertical vorticity, Vx − Uy , of the pump appear in the expression for Υ in (3.47).
Moreover, although vertical advection of the near-inertial fields by the pump wave
is the strongest nonlinearity, vertical advection does not produce energy transfer.
(Vertical advection appears at first order in the expansion, i.e. in (3.34). The resonant
terms resulting in PSI appear at second order, i.e. in (3.43).) Instead, for near-inertial
PSI, the physical argument of § 2 identifies the 2f0-spectral content of the horizontal
strain, Ux − Vy and Vx + Uy , as the key driver of PSI. In this sense, PSI is misnamed:
the instability is not due to the periodic variation of a parameter (e.g. N2) in the
dispersion relation of internal gravity waves.

As an application of (3.45), in § 4 we examine the subharmonic instability of an
infinite-plane internal gravity wave, with frequency close to 2f0; we obtain an analytic
expression for the growth rate of near-inertial PSI in (4.18). Order-of-magnitude
estimates using oceanic parameter values indicate that the e-folding time scale of
near-inertial PSI is ten days or less. In § 5, we use a more realistic model of the pump
wave based on a surface intensified buoyancy frequency. Thus, the mode-one vertical
structure of the pump wave has largest amplitude at the base of the mixed layer, and
consequently the unstable near-inertial disturbance is also localized just beneath the
base of the mixed layer. In this situation we again find that γmax in (4.19) applies to
the fastest growing near-inertial disturbances.

The linear stability calculations of § § 4 and 5 show that if the de-tuning is
close to resonant then the fastest growing waves have large (or infinite) vertical
wavenumbers. Additional physical factors, such as scale-selective dissipation, non-
zero β , or secondary instabilities, must become important. In our numerical solutions
of the two-dimensional Boussinesq equations, the hyperdissipation provides this
regularization. A main open issue is which of the mechanisms above is important
in the geophysical context? We speculate that β �= 0 might significantly affect the
high-wavenumber behaviour of near-inertial PSI: the continuous variation of the
Coriolis parameter with latitude ensures that near-resonant PSI occurs only in a strip
surrounding the resonant latitude (which is 28.8◦ for an M2 pump wave). Rough
estimates show that the width of this strip is comparable to a single wavelength
of the internal tidal wave, and the implications of this observation are now being
investigated.

We thank Chris Garrett, Kraig Winters, Eric Kunze, Jen MacKinnon and
Visweswaran Nageswaran for discussions related to this work. This work was
supported by the National Science Foundation by grant number OCE07-26320.

Appendix A. The numerical model
We solve the two-dimensional nonlinear non-hydrostatic Boussinesq equations

in the (x, z)-plane using the streamfunction formulation (u, w) = (−ψz, ψx). The
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equations of motion are

∇2ψt + J (ψ, ∇2ψ) + f0vz = bx − D(ζ ), (A 1)

vt + J (ψ, v) + f0u = −D(v), (A 2)

bt + J (ψ, b) + N2w = −D(b), (A 3)

where ∇2 = ∂2
x + ∂2

z and J (p, q) = pxqz − pzqx is the Jacobian. D is a hyperviscous
operator defined by considering a domain of size Lx × Lz, with grid spacing �x and
�z in the horizontal and vertical direction, respectively:

D(φ) ≡ ν

[(
�x

�z

)2

∂2
x + ∂2

z

]4

φ, (A 4)

where ν is the hyperviscosity. In our simulations �x 	 �z: the numerical resolution
is greater in the vertical direction because Lx 	 Lz. The anisotropic hyperdiffusion
in (A 4) prevents aliasing in both directions. A similar procedure is used by Bouruet-
Aubertot et al. (1995) in their numerical simulations of non-rotating PSI.

Typical values of ν are 10−15 km8 h−1 � ν � 5 × 10−15 km8 h−1. We usually used
Nx = 256 modes in the x-direction and Nz = 512 modes in the z-direction so that the
solution is represented as

ψ(x, z, t) =

Nx/2∑

p=−Nx/2

Nz/2∑

q=−Nz/2

ψ̂pq(t) exp

(
i
2πpx

Lx

+ i
2πqz

Lz

)
, (A 5)

with ψ̂pq = ψ̂∗
−p−q . In simulations, such as the example in figure 1, the initial condition

is the plane-wave in (4.1) with k = 2π/Lx and m = 2π/Lz, plus small noise. That is,
the initial condition projects mainly onto the modes (p, q) = ± (1, 1) in (A 5).

To define the growth of the perturbation we write

ψ = [ψ̂11(t) exp(ikx + imz) + c.c.] + ψ ′, (A 6)

with an analogous decomposition for b and v. The energy, e = 〈|∇ψ |2 +v2 +N−2b2〉/2,
is decomposed as the energy in the modes (p, q) = ± (1, 1), plus the disturbance
energy e′:

e = e11(t) + e′(t). (A 7)

During the linear phase, corresponding to the straight-line portion of the curves in
figure 3, e is constant and e′(t) grows exponentially from a very small initial level.
Thus, as an index of the disturbance amplitude, in figure 3 we use the normalized
disturbance energy

E′ ≡ e′/e. (A 8)

Figure 3 shows that PSI eventually saturates when E′ = O(1), indicating that the
modes with (p, q) = ± (1, 1) have lost a substantial fraction of their initial energy to
near-inertial oscillations.

Appendix B. Gill’s normal modes
Gill (1984) proposed a realistic model of the oceanic stratification which has

the advantage that convenient expressions for the eigenmodes are available. Gill’s
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buoyancy frequency is:

N(z) =

{
s/(z0 − z), 0 � z � H − Hmix ,

0, H − Hmix < z � H,
(B 1)

and the vertical modes satisfy

Lpn ≡ d

dz

(
f 2

0

N2

dpn

dz

)
= −f 2

0

c2
n

pn, p′
n(0) = p′

n(H ) = 0 , (B 2)

with normalization pn(H ) = 1. The barotropic mode (n = 0) corresponds to the
eigenvalue f 2

0 /c2
0 = 0 and the eigenfunction p0(z) = 1.

The eigenmodes are

pn(z) =

⎧
⎨
⎩

e(ξ−ξT )/2 2mn cos mnξ − sin mnξ

2mn cos mnξT − sin mnξT

, 0 � ξ � ξT ,

1, ξT < ξ.

(B 3)

Above, mn is defined by

c2
n ≡ 4s2

4m2
n + 1

; (B 4)

the stretched coordinate is

ξ ≡ − log

(
1 − z

z0

)
, (B 5)

and

ξT ≡ − ln

[
1 − H − Hmix

z0

]
. (B 6)

The eigencondition, determining cn and mn, is

sin mnξT + εmn cos mnξT = 0, (B 7)

where

ε ≡
(

1

2
+

z0 − H

Hmix

)−1

. (B 8)

The eigenfunctions satisfy the orthogonality condition:
∫ H

0

pk(z)pl(z) dz =
Hmix

(
4m2

k + 1
)[

ε + ξT

(
1 + ε2m2

k

)]

4ε(2 + ε)m2
k

δkl. (B 9)

The integral over p1(z)pn(z)pn′(z) in (5.8) can also be evaluated analytically which is
how we computed the matrix Mnn′ in § 5. However, the expression for Mnn′ is unwieldy
and so we omit it.
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